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Ur) Invariant Quantization 
on Some Homogeneous Manifolds 

Vadim Ostapenko 


Abstract 

We consider a class of homogeneous manifolds over a simple Lie 
group which appears in the problem of classification of homogeneous 
manifolds with reductive subgroups of maximal rank as stabilizer of 
a point. We prove that any manifold of this class possesses a Poisson 
bracket admitting a quantization invariant (equivariant) with respect 
to the corresponding quantum group. 
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1 Introduction 


A quantum homogeneous manifold is obtained from the usual homogeneous 
manifold by replacing the original commutative function algebra with a de¬ 
formed non-commutative algebra. Since a homogeneous manifold is equipped 
with a Lie group action, it is natural to look for deformation quantizations 
of the function algebra which are invariant with respect to the action of the 
corresponding quantum group. 

Let G be a simple connected Lie group over C, 0 its Lie algebra, K a 
closed subgroup of G, t the Lie algebra of K. Denote by M the homogeneous 
manifold G/K, by /i the commutative multiplication in C°°(M). A quantiza¬ 
tion of M is a formal deformation pn = p + hp\ + h 2 p 2 + - • • of p which defines 
an associative multiplication in the space C°°[A] of formal power series in h 
with smooth functions on M as their coefficients. Let U^(g) = (U( 0 ),A ft ) 
be a quantization of 0 . We say that pn is invariant with respect to U^( 0 ) 
if x.pn(a,b ) = p h (A h (x) ■ (a®b)) for any a, b G C°°(M) and x G 11 ^( 0 ). 
One can assume from the beginning that the bilinear mapping /ii is skew 
symmetric. The associativity of the deformed multiplication pn implies the 
Jacobi identity for p 1 . Thus /ii is essentially a Poisson bracket on M. The 
first question we investigate is whether there exist Poisson brackets on the 
homogeneous manifold M = G/K admissible for 11 ^( 0 ) invariant quantiza¬ 
tion. The second question we consider is whether there exists a deformed 
multiplication pn which is invariant under the quantum group action. 

It turns out that brackets which admit invariant quantization are of spe¬ 
cial form which we describe now. The G action on M determines a homo¬ 
morphism from 0 to the Lie algebra Vect(M) of vector fields on M and so it 
induces a linear map p : /\ 2 g —» /\ 2 Vect(M). Consider a bivector r G /\ 2 0 
such that the Schouten bracket [p(r), p(r)] is 0 invariant. Such an element is 
called a Belavin-Drinfeld classical r-matrix. Since the algebra 0 is simple, 
there exists a 0 invariant 3-vector </? G /\ 3 0 unique up to constant multi¬ 
ple. We normalize r so that [r, r] = <p and thus [p(r), p(r)] = p(<p). Each 
Belavin-Drinfeld classical r-matrix r defines a Lie bialgebra structure on 
0 . P. Etingof and D. Kazhdan have proven |14| that any Lie bialgebra 
can be quantized. In particular, if such a structure is determined by r, there 
exists a quantum group 11 ^( 0 , r) whose multiplication is preserved from U( 0 ) 
and the comultiplication is of the form An = A + hr + • • ■ where A denotes 
the original comultiplication in U( 0 ). If p(ip) = 0 then p(r) is a Poisson 
bracket on M which is called an r-matrix Poisson bracket. It can happen, 
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however, that p(tp) 7 ^ 0 on M, but there exists a G invariant bivector field s 
on M such that 


[s, sj = -p((p) 


( 1 ) 


We call such s a p-Poisson bracket on M. Thus 99 -PoissoN bracket is a 
skew symmetric bracket obeying the Leibniz rule and the weak version of 
the Jacobi identity expressed by equation (P. 

For a 92 -PoissoN bracket s, the sum s + p(r ) is a Poisson bracket on M, 
but it is not g invariant. We call Poisson brackets of this form admissible. 
J. Donin, D. Gurevich and S. Shnider proved [U| that if Poisson bracket 
on a homogeneous manifold admits a U^(g, r) invariant quantization, it is of 
necessity admissible, s and r satisfying (|f). If such a Poisson bracket exists 
on M, the question arises whether it can be quantized in such a way that 
the deformed multiplication p h = p + hs + h 2 p 2 + ■ • • is U^(g, r) invariant. 
We call an admissible Poisson bracket quantizable if there exists some its 
Ufr(g,r) invariant quantization. 

The problem of invariant quantization of Poisson brackets was considered 
by many authors, among them are J. Donin, D. Gurevich, S. Khoroshkin, 
Sh. Majid, A. Radul, V. Rubtsov, S. Shnider and others. 

J. Donin, D. Gurevich and Sh. Majid have considered || so called 
Drinfeld-Jimbo classical r-matrix which is a particular case of Belavin- 
Drinfeld r-matrix. They proved that if the Lie subalgebra t contains a 
maximal nilpotent subalgebra, then the Drinfeld-Jimbo classical r-matrix 
generates a Poisson bracket on M = G/K , and that there exists a quanti¬ 
zation of this bracket invariant with respect to the Drinfeld-Jimbo quan¬ 
tum group Uft(g). J. Donin and D. Gurevich 0 proved that on a semi- 
simple orbit of coadjoint representation the Poisson bracket coming from the 
Sklyanin-Drinfeld bracket on G is quantizable. J. Donin and S. Shnider 
p| proved that the Drinfeld-Jimbo classical r-matrix generates a Poisson 
bracket on any symmetric space, and solved the problem of quantization for 
this bracket. 

As we mentioned above, J. Donin, D. Gurevich and S. Shnider proved 
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invariant quantization, it is of necessity of the form s + p(r ) with s and r 
satisfying (|lj). They have shown that almost any such bracket can be quan¬ 
tized invariantly on any semi-simple orbit of the coadjoint representation. 
In the present work, we introduce another class of homogeneous manifolds 
containing manifolds which are not necessarily orbits of the coadjoint repre- 










sentation of 0 . We prove that any manifold in of this class can be equipped 
with an essentially unique Poisson bracket which admits a U^(g, r) invariant 
quantization. 

To describe this class of homogeneous manifolds, fix a Cartan subalgebra 
f) in g, a simple root base for the corresponding root system and an integer 
1^2. Take a simple root a and denote by t the Lie subalgebra of 0 generated 
by the Cartan subalgebra and by all roots for which the coefficient of a is 
divisible by l. Denote by K the subgroup of G corresponding to t and set 
Mi a = G/K. The significance of the manifolds Mi a is in the fact that any 
quotient of G by a reductive subgroup of maximal rank can be obtained by 
taking consequent quotients of homogeneous manifolds of this type, see 0- 


We prove that for any M; a there exists a 0 invariant bivector held s 
satisfying We prove then that for any Belavin-Drinfeld r-matrix r, 
the Poisson bracket p{r) +s can be quantized in Uft( 0 ,r) invariant way. We 
produce this quantization in two steps. First, using methods developed from 
the techniques of §| , we prove that the <£>-Poisson bracket s can be quantized 
in such a way that the deformed multiplication is invariant under the action of 
the group G and obeys some deformed associativity constraint. Then, using 
p(r), we correct the above deformed multiplication, turning it into a new 
multiplication satisfying the usual associativity law. This new multiplication 
is invariant under the action of the quantum group Uft( 0 ,r). The reason 
why we first pass to the category with non-trivial associativity is that while 
losing the associativity, we gain G invariance. The next step, passing to the 
quantum group symmetry, is achieved by an equivalence of categories. To 
construct this equivalence, we prove that there exists an invertible element 
Fn e U( 0 )® 2 [ft] such that 


A/jO) = F h • A(x) ■ F h 


( 2 ) 


for any x G U( 0 ). Here A is the standard comultiplication in U( 0 ) and 
Aft is the comultiplication in the quantum group Uft( 0 ,r). This proof is 
essentially based on the work [[L|] by P. Etingof and D. Kazhdan. This two 
step method allows us to reduce Uft( 0 ,r) invariant quantizations of brackets 
s + p{r) for different Belavin-Drinfeld r-matrix r to a single quantization 
of the </?-Poisson bracket s in the category with non-trivial associativity. 

The work is organized as follows. In Section [| we recall some facts about 
Hochschild complexes, with special attention to those aspects which are 
important for our purposes. In particular, we consider some symmetry prop¬ 
erties of Hochschild complexes. 
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In Section |3] we explain how to reduce the problem of associative U^(g, r) 
invariant quantization to the problem of non-associative G invariant quan¬ 
tization. Namely, for any Belavin—Drinfeld r-matrix, we construct the 
element which follows (|2|) and gives the equivalence of the categories with 
trivial and non-trivial associativity. 

In Section |4| we study properties of infinitesimals for G invariant quan¬ 
tization on homogeneous G manifolds in the category with the non-trivial 
associativity. We introduce the notion of 92-PoissoN bracket and show that, 
similarly to the case of associative deformation, any G invariant deformation 
with non-trivial associativity has a 99-PoissoN bracket as its infinitesimal. 

In Section we prove a general theorem which gives a sufficient condition 
for quantizability of 99-P01SSON brackets. 

In Section ||] we introduce the homogeneous manifolds Mi a . We prove that 
all manifolds Mi a posses G invariant </?-Poisson brackets and give explicit 
form for all these brackets. We consider cochain complexes generated by 
these brackets and prove that dimensions of some cohomologies is equal to 
zero. This allows us to apply the general theorem of Section |5] and prove that 
these ^-Poisson brackets can be quantized G invariantly in the category with 
non-trivial associativity. Applying the results of Section || we conclude that 
any Poisson bracket s + p(r) can be quantized invariantly with respect to 
the quantum group U^(g,r) action. 
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2 Poisson brackets as infinitesimals 
for algebra deformations 

In this section we give basic definitions of deformation theory of commutative 
algebras, with special attention to the function algebras on manifolds. We 
show that the linear term of a formal deformation of commutative algebra is 
a Poisson bracket on this algebra. We recall some facts about Hochschild 
complexes, stressing their symmetry properties. 

Fix an associative commutative C algebra A with unity and denote by p 
the multiplication in A. We denote by C[ft] the C algebra of formal power 
series in a variable ft. All tensor products over C[ft] are assumed to be 
completed in the ft-adic topology. 

2.1 Deformations of commutative algebras 

Definition 2.1 A C[ft] algebra (A h , p h ) is called a (formal) deformation of 

(A,/i) if 

(i) A h is equal to A® C[ft] as a topological C[ft] module; 

(ii) A h /HA h = A as C algebras. 

Thus a deformation of A is a topologically free C [ft] module A [ft] equipped 
with a C[ft] linear mapping p^ : A [ft] <8>c[^] A [ft] —> A [ft] obeying the 
associativity law. One can think about pn as of a formal series po + p 1 h + 
p 2 K 2 + p 3 h 3 H— • where pi is the C[ft] linear extension of a C linear mapping 
A® A —> A. Usually, p 0 is called the initial term of pn, and pi is called 
the infinitesimal of p/ v The second condition in the definition means that 
Po = p , the original multiplication in A. We are interested in a special kind 
of deformations which are called quantizations. Before giving the definition, 
we examine some important properties of infinitesimals. 

Let (Aft, pn) be a deformation of (A,/i). The associativity of pn = p + 
hpi + K 2 p 2 + • • • is equivalent to the following infinite system of equations: 

y: [pi o (Pj ® id) - Pi O (id ®pj) j =0, n — 0,1, 2,- 

i-\-j=n 


Separating the terms with i = 0 and j — 0, one obtains the above equation 
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in the following form: 


p ° (id ®Pn) - p n ° (p® id) + /i n ° (id 0 aO - /t ° (/t„ ® id) = 

= ^ f Ah ° (Pj ® id) - Ah o (id 0/n,)) • 

i-\-j=n 


The expression in the left hand side is known as the Hochschild cobound¬ 
ary of a t n , and is denoted by dp n . This gives an equivalent form for the 
associativity of (A h , pn)\ 

dp n = ^ (/u ° (AH ® id) - A*® 0 (id < 8 >Ab')) • ( 3 ) 

i-\-j=n 

i 


For n = 1 one has d/n = 0, i.e. the infinitesimal of any deformation is always 
a Hochschild cocycle. 

Definition 2.2 Two deformations, (A\h\, pf) and (A[ft], p' h ), ore equivalent 
if there exists a C[ft] module automorphism un such that 

(i) the restriction w 0 of un to A is the identity map; 

(ii) the following diagram is commutative: 


H'K 

A\h\ 0 A[hj -- A\h\ 


u h 0 u h 

A\h\ 0 A\h\ 


l^'h 


u n 

A[hj 


2.2 The Hochschild complex 

The obstruction theory, which links formal deformations of algebras to Hoch 
schild complexes, was developed by Murray Gerstenhaber in [[0| 


0 , 


I7| and (T^j . We give here some properties of Hochschild cocycles on com¬ 
mutative algebras. For a given commutative C algebra {A, p), the Hochschild 


12 















complex on A with coefficients in A is the graded C vector space 

O'{A-A) = 0Hom(A® p ,A) 

p> o 

together with the coboundary operator d: C P (A;A) —> C P+1 (A; A) defined 
by 

p 

d£ = / io(id®0 + ^(-l)^°(id® fc “ 1 ^®id^“ fc ) + (-l) p+ V o (^id). (4) 

k= 1 

There are two useful operators on C*(A; A). The first one we denote by 
r and define as 

p(p-\- 1 ) 

(f.£)(oi; q,2i ■ ■ ■ i dp) ( 1) 2 Op_i, . • •, a i) 

for£G C P (A]A). 

Proposition 2.1 The map r commutes with the coboundary operator on 
C*(A;A) and thus induces a cochain complex morphism, which we denote 
also by r. This morphism splits the complex into the direct sum of two sub- 
complexes, C*(A;A) = C*J_(A; A) © C*_(A; A), where C+(A;A) consists of all 
elements £ with r.£ = £ and C*_(A; A) consists of all elements £ such that 

t-£ = -£• 

PROOF: Straightforward. ■ 

These sub-complexes are called the even and the odd part of C*(A;A) re¬ 
spectively. Sometimes we refer to elements of C^_(A; A) as of even parity and 
to to elements of C* (A] A) as of odd parity. 

The second operator on C*(A; A) the alternation Alt is defined as 

“fAi- 1 )'?"’’- < 5 ) 

ff£ 6 p 

where £ G C P (A; A ), & p is the permutation group of order p, (— l) a is equal to 
+1 if the permutation cr is even and —1 if a is odd, V is the representation of 
& p in the vector space A® p defined by 'P CT (ai<S>.. .®a p ) = do-ip)®.. 

An element w G Cd(A; A) is called derivation if w(ab) = aw(b) + bw(a) 
for all a, b G A (Leibniz rule). Any cocycle in C 1 (A; A) is a derivation of A 
and vice versa. 


13 



Definition 2.3 An dement w G C P (A; A) is called p-derivation if it obeys 
the Leibniz rule for each variable, i.e. 

w(ai ,..., a i a i ,..., a p ) = i,..., a i ,..., a p ) + w(a \,..., a i7 ..., a p ) 

for all i — 1 ,... ,p. 

Proposition 2.2 Any p-derivation is a Hochschild cocycle. 


PROOF: Straightforward computation. ■ 

Proposition 2.3 Let A be a commutative algebra, f G C P (A;A). Then 
Alt (df) = 0. 

PROOF: Using definition ([I|) and the additivity of operator Alt, one has: 

Alt (d£) = Alt (ji o (id0£) + (-l) n+1 /i ° (£ 0 id)j + 

n 

+ ^(-1)* Alt o (id 0 *" 1 0/i 0 id 0p “*)). 

fc=i 

The symmetry of /i implies: 

e ° (id 0 * -1 0/i 0 id 0p “*) = e o (id 0 ''- 1 0/i 0 id 0p “*) O V {ktk+1) 

where (k, k +1 ) is the permutation switching the k-th and (fc + l)-th elements 
and leaving all the others unchanged. Then 

Alt o (id 0 ^ 1 0/i 0 id 0p -*)) = Alt o (id 0 *” 1 0/i 0 id 0p -*) o V (k , k +i )) 

= - Alt o (id 0 *- 1 0/i 0 id 0p -*)) 

so Alt ^ o (id 0 *- 1 0/i 0 id 0p_ *)^ = 0 for every k — 1,..., n. 

It is left to consider the terms Alt ^/i o (id0£) + (—l) p+1 /i o (£ 0 id)j. 
Using the symmetry of /i, one has 

p o (£0 id)(ai,... ,a p+ i) = /i o (id0£)(a p+ i, a h ..., a p ) 

= fio (id 0f) op 7 r (ai,..., a p+ i) 

where 7r = (1 2.. .p + 1), the cyclic permutation. Since (—l) 71 " = (—l) p , one 
has Alt (p o (id0£) + (—l) p+1 /i o (£ 0 id)) = 0. ■ 
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Proposition 2.4 Any skew symmetric Hochschild cocycle is a polyderiva¬ 
tion. 

PROOF: Let £ E C P (A] A) be skew symmetric and suppose d£ = 0 . Since £ is 
skew symmetric, it suffices to prove that £(aia 2 , a 3 ,..., a p+ i) = 
— Gp£(o 2 , ■ ■ ■, Qp+i) "b®2£(®i; ■ ■ ■) Op+i) for any Oi,..., o p +i E A. Direct 

computations show that 

d£(ai, ci2, a^,..., a p+ \) + d£(a 2 , a\, as,..., a p +i) = 

— a i£( a 2 ; as, ■■■, a p+ 1) + a 2 £(ai, 03,..., a p+ 1) — 2£(aia 2 , as ,..., a p +i) + 

+£(ai, a 2 a3,..., a p+ \) + £(a 2 , 0103,..., a p+ i) 
and 




(—l) p ( ai£(a 2 , as, ■ ■ ■, a p+ 1) + a 2 £(ai, as, ■ ■ ■, a p+ 1) 



Therefore 

0 = d£(ai, a 2 , 03,..., a p+ i) + d£(a 2 , ai, 03,..., a p+ i) + 

+ (—l) p ^ d£(«i, a 2 , a p+ i, 0,3,..., a p ) + d£(a 2 , ai, a p +i, 03,..., a p ) + 

T d£(a p+ i, as, ci 2 , 03,..., o p ) T d£(o p _|_i, o 2 , 01, U3, ■ ■ ■, u P )^ 

= 2( ai£(a 2 , 03,, a p+ i) + a2£(«i> as, ■ ■ ■, a p +i) — £(aia 2 , 03,..., a p+ i) 


Later (see Section | 3 . 4 |) we shall also use the Hochschild complex for a 
non-commutative algebra with coefficients in two-sided modules. 
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2.3 The local Hochschild complex 

Recall that the ring of differential operators on A = C°°(M) is the associative 
algebra generated over A by all derivations A —* A and all multiplication 
operators L a : A —* A, b i—> ab. A map A® p —> A is called a p-differential 
operator on A if it is a differential operator A —* A with respect to every 
its variable. Denote by C (A; A) the C space of p- differential operators on 
A. The direct sum of these spaces forms the sub-complex (C (A;A),d) of 
the complex (C*(A;A),d), it is called the local Hochschild complex of A . 
We need the local Hochschild complex because we deal actually with the 
whole sheaf of function algebras on M rather than with the algebra A of 
global sections. Clearly, all propositions of Section are valid for the local 
Hochschild complex. In particular, this complex can be decomposed into 
the sum of even and odd parts, C (A; A) = C + (A;A) © C_(A;A) where 
C 1(A; A) = C^(A; A) n C’(A; A). 

Denote by A P (M) the space of all p- vector fields on M, i.e. all p-derivations 
A® p —* A. 

Theorem 2.1 Let A = C 00 (M), 6 E Z P (C*(A; A), d). Then 

(I) Alt 6 is a skew symmetric p-derivation on A; 

(II) The difference 9 — Alt 6 is a Hochschild coboundary, i.e. there exists 
f E C ? (A; A) such that 9 — Alt 9 = d£; 

(III) The map Alt : Z P (C (A;A),d) —> A P (M) induces a vector space 
isomorphism H P (C (A;A),d) —>A P (M). 


PROOF: The algebraic version of (I) and (II) has been proven by G. Hochschild, 
B. Kostant and A. Rosenberg ||2TH ■ A proof for A = C c 
4. 6 .1.1. Claim (III) has been proven by J. Vey [[h| 


\M) see in |23| , 
see also 12 1 


Corollary 2.1 Let 9 E Z P (C (A; A),d), then Alt0 = 0 implies that 9 is a 
Hochschild coboundary. 


2.4 Infinitesimal of a deformation 

It was shown above that the associativity of a deformation pn = p + lip i + - ■ • 
forces the infinitesimal p \ to be a Hochschild cocycle. It can be decomposed 
as pi = pf + pf E C^_(A; A) © C 2 _(A\ A) (see Proposition [ 2 . 1 | ) with pf = 
Alt pi and pf = pi — pf. 
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Proposition 2.5 //d/ii = 0 then both d Hi = 0 and d/i 1 = 0. 


PROOF: Clearly, d/ii = 0 implies d (/q o V(i 2 )) = 0. On the other hand, 
f4 = |(hi + hi ° ^( 12 )) and /ifi = f (/q - /i, o P (12) ). ■ 


The symmetric part, Hi i is responsible for commutative deformations of 
(A,/i). For A = C°°(M) any deformation with Hi + Hi as the infinitesi- 
mal is equivalent to a deformation with infinitesimal Hi as the infinitesimal. 
Therefore one can assume from the beginning that Hi = 0 i.e. that the in¬ 
finitesimal /q is skew symmetric. By Proposition [2.4| . d Hi = 0 implies that 
Hi is a bivector field. 

To simplify our considerations, throughout the text we put the following 
restriction on any deformation Hh • 


Definition 2.4 We say that a deformation Ho + hi^ + + h 3^ 3 + • • • 

~2 ~2 

obeys the Parity Convention if H 2 k G C_(A; A) and H 2 k+ i G C + (A; A). 


Lemma 2.1 Let (A h , Hn) be a deformation of commutative algebra A obeying 
the Parity Convention. Then its infinitesimal Hi satisfies the Jacobi identity. 


PROOF: For n = 2 equation (||) takes the form 

Hi o (Hi ® id) - Hi ° (id ®hi) = d/i 2 - (6) 

The right hand side of (Q) is a 3-coboundary. Straightforward computa¬ 
tion with the use of commutativity of A and symmetry of H 2 proves that 
dn 2 ( a ,b,c) + Cycl = 0 for any a,b,c G A, where Cycl denotes the terms 
obtained by taking of all the cyclic permutations of a, b , c. For the left hand 
side of (|j), direct computations with the use of the skew symmetry of Hi 
show that the expression / u,i( / ui(a, b), c ) — /ii(a, Hi(b, c)) + Cycl is equal to the 
left hand side of the Jacobi identity. ■ 

Definition 2.5 A quantization of a commutative algebra (A, h) with a given 
element b e C f(A] A) is a non-commutative deformation of (A, h) with b as 
the infinitesimal. 

The arguments of this section show us that the infinitesimal of any quanti¬ 
zation is of necessity a Poisson bracket. 
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3 Equivalence of monoidal categories 
related to Drinfeld algebras 

In this section we reduce the problem of associative quantization invariant un¬ 
der the Etingof—Kazhdan quantum group U^(g,r) to the problem of non- 
associative G invariant quantization. To do this, we consider two monoidal 
categories associated to the problem of invariant quantization of function 
algebras, and, for any Belavin—Drinfeld r-matrix, we construct the equiv¬ 
alence for these two categories. 

Throughout this section, R denotes a commutative associative ring with 
unity of characteristic 0 (we shall be interested in cases R = C and R = 
C[hj). All algebras and modules are defined over R. 


3.1 Monoidal categories and Drinfeld algebras 


The concept of monoidal category was introduced by J. Benabou fl| and 
S. Mac Lane El 


see 


25], Chapter VII. 


Definition 3.1 A monoidal category is a 6-tuple ((£, 0 ,1, a, 1, r) where £ is 
a category, 0 is a functor <£x (£ —■> £, a is a natural isomorphism of functors 
( U , V, W) ^ {U 0 V) 0 W and ( U , V, W) ^ U 0 (V 0 W), 1 is a natural 
isomorphism of the functor V i—> 1 0 V and the identity functor Id, r is a 
natural isomorphism of functors V t—*■ V 0 1 and Id, and the following two 
diagrams are commutative for any U, V, W, S G Obj(£): 


3 . 3 

((U 0 V) 0 W) 0 S -- (U 0 V) 0 (IT 0 S) -- U 0 (V 0 (IT 0 S)) 


a 0 id 


id 0 a 


(h 0 (h 0 W)) 0 S 


1/0 ((V0IV) 0 5 ) 
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U® (1 <8> V) 


(U® 1)®V 


u®v 


where a over the left upper arrow means dLu®v,w,s and so on. The isomor¬ 
phism a is called the associativity constraint of <£. 


Definition 3.2 A monoidal functor from a monoidal category (<£, ( 8 ), a) to a 
monoidal category (5), S3, b) is a pair (L, u) where L is a functor € —> D, u 
is a natural transformation from the functor ( U, V ) i—> L(U ® V ) to (U, V ) i—>• 
L(U ) H L(V) such that u o L( 1^) = 1®, u o L( r<r) = r® and the following 
diagram is commutative: 


L((U®V)®W) 

L(a) 

L(U ® (V ® W)) 


L(U ®V)mL{W) U ^ ld ► (L{U) IEI L{V)) E L{W) 

b 

L(U)mL(V ®W) ld ► L(U) E (L(V) E L(W)) 


Example 3.1 Let (B,A,e) be a bialgebra over C. Consider the category (Lb 
of all modules over B which are of finite dimension as C vector spaces. The 
category Lb possesses a monoidal structure: for given B modules M and N 
one can introduce a B module structure on their tensor product M ® N over 
C by putting b{m ® n) = b'm ® b"n where b e B, m ® n G M ® N and 
A (6) = Jfb'® b”. 

V. G. Drinfeld has generalized the above example in the following way. 

Definition 3.3 A Drinfeld algebra is a Q-tuple ( B, m, l, A, e, <f>) where ( B , m, 1 ) 
is an associative R algebra with a unit map l : R —> B, (B,A,e) is a coal¬ 
gebra with comultiplication A : B —> B ® R B and counit e : B —> R are 
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algebra morphisms, $ G B ® R B ® r B is an invertible element, and the fol¬ 
lowing conditions are obeyed, where we use the notation a ■ b = m(a, b): 

(i) (id ®A) o A(b) ■ $ = $ • (A ® id) o A (6) for any b G B; 

(ii) (id ® id ®A)(<f>) • (A ® id <g> id)(<f>) = (1 ® $) ■ (id®A ® id)($) ■ (<f> <® 1); 

(iii) (e ® id) o A = id = (id <®e) o A; 

(iv) (id®£ ® id)($) = 1. 

The element $ is called the Drinfeld associator of B. The condition (ii) is 
called the pentagon or Mac Lane identity for <f>. 

Example 3.2 The trivial associator, <3> = 1 ® 1 ® 1, obeys all the conditions 
of Definition [77^. In this case B is a usual coassociative bialgebra. 

Remark 3.1 We did not put the antipode (ff\] , Chapter 2, Subsection 1.2) in 
the above definition, because we will not referring to it in any of our results. 
Yet in the main example, the QUE Drinfeld algebra (Definition \ 3.9) the 
antipode exists as a deformation of the standard antipode on U (g). 

Drinfeld algebras were introduced in Jl 2 | under the name quasi Hopf al¬ 
gebras. For a given Drinfeld algebra (B, <f>) over R , denote by ®b the 
category of B modules which are free R modules of finite rank. Note that 
Db is a sub-category of the category D R . In particular, one can consider in 
Db tensor products over R. 

Proposition 3.1 The category T)b possesses a monoidal structure with as¬ 
sociativity constraint defined by <L. 

PROOF: Consider the usual tensor product (U, V) » U ® R V over R in 
One can equip U ® R V with a R-action by setting b.{u ®v) = A[b) ■ {u ® v) 

for any b G B, u G U, v G V. Denote this B module by U ®b V- 

Write <f> as ^ ® <E>" ® and for any u G U, v G V, w E W define 

auvw^iy ® v) 0 w ) = £(*' - u) ® ^($" • v) ® (d*'" • w)^j. 

One can check that (Db, ®b, a) is a monoidal category. ■ 

The difference between Drinfeld algebras and the usual bialgebras is that 
the associativity constraint in the category of modules over a Drinfeld alge¬ 
bra is in general non-trivial. We shall quantize in a category over a Drinfeld 
algebra, i.e. we shall look for a ^-associative deformed multiplication rather 
than for a multiplication with the ordinary associativity. 
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Definition 3.4 Monoidal categories £ and D are called equivalent if there 
exist two monoidal functors, F : £ —> D and G : D —> £ such that the 
both compositions of F and G are naturally equivalent to the corresponding 
identity functors. 


Theorem 3.1 Let ( B , A, <f>) be a Drinfeld algebra, F e B®rB an invertible 
element. Define A and <f> by A (6) = F ■ A(b) ■ F _1 for all b € D and 
$ = (l0F)-(id0A)(F)-<f>-(A0id)(F _1 )-(F0l)” 1 . Then (B, m, i, A, e, $) 
is also a Drinfeld algebra and the categories Db and Dp, are monoidally 
equivalent. 


Proof: See 12 


Note that gauge transform is called in |T2[ the twisting by F. 


Definition 3.5 The Drinfeld algebra (B, m, l, A, s, 4>) of Theorem \3.1\ is 
called a gauge transformation of (B,m,i, A,e, $) determined by F. Two 
Drinfeld algebras are called gauge equivalent if there exists a gauge transfor¬ 
mation from one to the other. 


Theorem | 3 . 1 | states that if two Drinfeld algebras are gauge equivalent then 
the corresponding monoidal categories are equivalent. The equivalence is 
given by the pair (Id, F). 


3.2 Monoids in a category and invariant multiplica¬ 
tions 

The monoidal structure in a category makes it possible to construct algebra¬ 
like objects in it. In the category Db, the corresponding multiplication is 
called B invariant. 

Definition 3.6 A monoid in a monoidal category (£, 0 , 1 , a) is a triple 
(A,p,,r)) where A e ()bj(£), fi : A 0 A — > A, and rj : 1 — > A are ar¬ 
rows of €, and the following three diagrams are commutative: 
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l-i 0 icU 

-- A® A 


A 0 (A 0 A) --- A® A 




A 


idn 0/i 



Example 3.3 Let B be a bialgebra. Then a monoid (A, p) in the category 
Qb is a usual associative B algebra with invariance property x.p,(a,b) = 
/i(x a, x b), where A(x) =Yh x ® x ■ 

Example 3.4 Let (B, A, <f>) be a Drinfeld algebra where <£> = 0 

( l>" 0 Then a monoid (A, p) in 2 )b is a B algebra with a multiplication 
a ■ b = /i(a 0 b ) obeying 

(a-b) -c = ^2&a- ($"& • $"'c) 

$ 

rather than the usual associativity. Also this can be written as /i o (// 0 id) = 
/io(id0/r)o<f> where $ is considered as a left multiplication operator. We call 
the multiplication law of such A a B invariant multiplication or 4>-associative 
multiplication. 

Definition 3.7 Let g be a Lie algebra, U(g) the universal enveloping algebra 
of g, $ G U(g) (gl3 an element satisfying the conditions of Definition \ 3. 3j . Any 
multiplication in monoid in the category 3D(u( g ),$) we call g invariant. 

Example 3.5 Consider U(g) as a Drinfeld algebra with the trivial asso- 
ciator. The algebra (A, ff) of C°° functions on M is U(g) invariant if and 
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only if x o n = /j o A(x) for any x G U(g) considering as a differential oper¬ 
ator on A. Since the comultiplication A is an algebra (U(g),m) morphism, 
it suffices to check the above identity on elements of any set of generators 
of U (g). For instance, one can take elements of the Lie algebra 0 itself: 
x(ab) = /i (A (x).(a ®6)) = /i((i8l + l® x).(a Cg b )) = x (a) b+ax (b). Thus 
the multiplication p is 0 invariant if and only if elements of 0 act on A by 
derivations. 


3.3 Belavin—Drinfeld r-matrices and QUE Drinfeld 

algebras 

Let 0 be a complex simple Lie algebra. It is well known that the 0 invariant 
elements of /\ 3 0 form a one dimensional subspace. A base is given by the 
element <p representing x ®y Cg z 1 —> ([x,y\, z) where ( • , • ) is the Killing 
form in 0. 

Definition 3.8 The equation [r, r] = (p is called the modified classical Yang— 
Baxter equation. Any solution of it is called a Belavin—Drinfeld r-matrix 
on 0 . 

Example 3.6 Let D + be a system of positive roots for q, X a corresponding 
root vectors satisfying (X a ,X_ a ) = 1. Then the element of /\ 2 0 defined by 

r = ^2 X a A X_ a 

agf2+ 

is a Belavin—Drinfeld r-matrix. This element is called the Drinfeld—Jimbo 
r-matrix and is the most important example of a Belavin-Drinfeld r- 
matrix. 


All solutions for the modified classical Yang—Baxter equation were found 
by A. A. Belavin and V. G. Drinfeld |2|, ||. The significance of Belavin— 
Drinfeld r-matrices in the fact |TI| that any such element r G /\ 2 0 deter¬ 
mines a Lie algebra structure on the dual vector space 0*. This structure 
is consistent with the Lie bracket on 0, i.e. r is a Chevalley-Eilenberg 
2-coboundary. The pair (0,r) is called a Belavin—Drinfeld Lie bialgebra. 
A Belavin—Drinfeld r-matrix is a natural initial term for a coalgebra de¬ 
formation, as a Poisson structure is a natural initial term for an algebra 
deformation. 
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Remark 3.2 It follows from the M. Gerstenhaber’s obstruction theory Ml 
that since H 2 (U(g); U(g)) = 0 for g semisimple, there are no non-trivial 
deformations of the multiplication in the universal enveloping algebra U(g). 

Definition 3.9 A deformation (U(g)[ft], m, l, An, e, $&) of the Drinfeld al¬ 
gebra (U(g), m, i, A, e, 1 0 1 0 1) is called a quantized universal enveloping 
(QUE) Drinfeld algebra. A quantization of a Belavin—Drinfeld Lie bialge¬ 
bra (g,r) is a QUE Drinfeld algebra with the deformed comultiplication of 
the form A h (x) — A(x) + h[ A(x), r] + ■ • •. 


Note that we have a normalized form in which the multiplication is unde¬ 


formed, which is always possible by Remark fh2 


3.4 Uniqueness of Drinfeld quantization for simple 
and existence of Fy for any Belavin—Drinfeld in¬ 
finitesimal 

For a given Lie algebra g, denote by A* CE ^g; U(g)® 2 ^ its Chevalley-Eilen- 

berg cohomology module and by Y* Hoch ^U(g); U(g) 1812 j its Hochschild co¬ 
homology module. To construct the Chevalley-Eilenberg complex, one 
uses the action (X, v) i—► [A(X),u] = A(X)v — vA(X) of g on U(g) 0 U(g), 
while in the Hochschild complex the right and left actions determined by 
the standard comultiplication A on U(g) are utilized. 

Lemma 3.1 Let g be a finite dimensional Lie algebra. Then A l CE ^g; U(g) (gl2 ^ 
0 implies H^ och (u(g); U(g)® 2 ) = 0 . 

PROOF: The restriction £ to g of a Hochschild 1 -cocycle £ : U(g) —* 
U(g) 0 U(g) is a Chevalley-Eilenberg cocycle. Indeed, = 0 implies 

£(XF) = A(X)£(Y) + £(X) A(Y) for any X, Y G g. ( 7 ) 

The relation XY — YX — [X, Y] = 0 in U(g) (where [X", Y] is the Lie bracket 
in g) implies £([X, X]) = £(XY) — £(YX). Substituting this expression with 
(0), one has 

? ([V, Y]) = A(A')f ( Y ) - ((Y) A(X) + f (A)A(Y) - A ( Y )£( X ) 
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for any A", Y G g, that is, £ is a Chevalley-Eilenberg cocycle. 

The above considerations together with the condition A l CE ^ 0 ;U(g) ® 

U(g)) j = 0 imply that there exists eU(g)® U(g) such that dcEV = £ he. 

such that A(X)g — r/A(X) = £(A") for any X G g. The element 77 can be 
considered also as a Hochschild 0-cochain with d hv( x ) = A(x)r] — gA(x). 
Therefore d hv(X) = d c< E ?/(X), and also dnr](X) = £(A") for any X G g. 

Since both £ and d hV are Hochschild cocycles, they obey the condi¬ 
tion (0)- Combining (^) with the fact that g generates the associative alge¬ 
bra U(g), one concludes that £ can be extended uniquely to a Hochschild 
cocycle, and that d hv( x ) = £{ x ) f° r x e U(g). Thus any cocycle in 

C Hoch (u(g);U(g)® 2 j can be resolved. ■ 

Lemma 3.2 Let 6 : A —* B is a homomorphism of two algebras, 6n : 

—> B\h\ a deformation of 6 = 5 0 . Consider the structure of two-sided 
A module on B determined by 5 and suppose H l Hoch (A]B) = 0. Then there 
exists an invertible element Fn G T>[h] such that 5(x) = F kl ■ 6n(x) ■ Fff 1 for 
any x G A[h], 

PROOF: Obviously, the element 1 + h k f k is invertible in B\h ] for any f k G B. 
Put m 1 ) = 5n and prove that for any k = 1,2,... one can find an element 
fk G B such that each algebra homomorphism A[h] —> B{hJ defined by 
5d + 1 )(a) = (1 + hf k )5 < ‘ k \a)( 1 + h / fc ) _1 is of the form 5 + h k+1 6 k+l + • • •. 
Indeed, gathering all the terms with h k the equation (1 + h k f k )(6(a) + h k S k + 
h k+1 S k+1 + • • ■) = (6(a) + h k+l 6 k+1 + • • ■ )(1 + h k f k ), one obtains the equation 
f k 6(a ) — 6(a) fk = —6 k (a) for f k . One checks readily that the left hand side 
of this equation is equal to — d/fc(a) where d is the Hochschild cobound¬ 
ary operator. Thus the equation for f k is of the form d f k = 6 k . Since 
H Hoch(A] B ) = 0, the equation has a solution if S k is a Hochschild co¬ 
cycle, which is the case since 6 d) = 5 + h k 6' k + • • ■ is multiplicative, i.e. 
6^(ab) = <$d) (a)6^(b) for any a, b G A. For 5 k , this gives the property 
6 k (ab) = 6(a)6' k (b) + 6 k (a)6(b) which exactly means that 6 k is a Hochschild 
cocycle. Finally, denote by F kl = n(l ® 1 + h l ff), the inhnite product on the 
left. ■ 

Proposition 3.2 Let g be a semisimple complex Lie algebra, A h : U(g)[h] — 
U(fl)® 2 [h] a deformation of the standard comultiplication A on U(g). Then 
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there exists an invertible element F h G U(g)® 2 [7i] such that A h (x) = F h 1 ■ 
A(x) ■ F h for any x G U(g)[ft]. 


PROOF: It is well known that for g semi-simple and for any g module V one 
has H^. E (g; V) — 0 (see for instance PU| , Lecture 19, Corollary 1). Therefore 

H l CE U(g)® 2 ) = 0, and by Lemma [D], this implies B l Hoch (u(g), U(g) 02 ) = 


0. Now one can apply Lemma 322 to the case when B — U(g) 0 U(g), S — A 
and S h = A h . ■ 


P. Etingof and D. Kazhdan have proven [|T^] that any Lie bialgebra 
can be quantized. For a Belavin-Drinfeld Lie bialgebra (g, r) this means 
that there exists a bialgebra deformation lR(g,r) = (U(g) [h], A^) with un¬ 
deformed multiplication (see Remark |3.2|) and comultiplication of the 
form A h (x) = A(x) + h[A(x),r] + • ■ ■. We shall call LR(g,r) the Etingof- 
Kazhdan quantum group corresponding to r. In this case, the element Fn of 


Proposition 3.2 is of the form Fj j = 1 


1 + \hr H-. 


Proposition 3.3 Let G U(g) 1813 be an invertible element = 1 (mod ti 2 ) 
satisfying the Pentagon Identity. Then there exists a gauge transformation 
making into = 1 + h 2 ip (mod h?) for some <p G /\ 3 g. If satisfies 
■ A 3 (x) • = A 3 (x) for the standard comultiplication A and for all 

x G U(g) then the element <p is g invariant. 


PROOF: We use the Cartier cochain complex 

C —> U(g) U(g)® 2 U(g) d 


d c = 1 0 id® p + ^(-l) fc id 0(fe - x) 0A (g) id® fc +(-l) fc+1 id® p 01. 

fc=i 

Let = 1 + h 2 if + ■ ■ •. Putting together all the terms of the pentagon 
identity for (A^, <ha) which are quadratic in h, and using A^(l) = 1 0 1, one 
obtains d c'f’ — 0- If is we ll known (see for example |12[, Proposition 2.2) that 
the cohomology module for the Cartier complex is equal to A(g). Thus there 
exist (p G /\ 3 g and / G U(g)® 2 such that if = ip + d cf ■ 


and = (F h 0 1) • (A n 0 id) (F h ) • $ h • (id 0 A n ) (F h 
= 1 + H 2 tp (mod h 3 ). 


—i 


)•(! 


Take F h = 1 + h 2 f 
0Ffi) _1 . Obviously, 
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Suppose now that ■ A 3 (x) • $77 = A 3 (x) for all x G U(g). Taking 

the terms with ti 2 in this equation, one obtains p ■ A 3 (x) = A 3 (x) • p for any 
x G U(g) which is an expression for the g invariance of ip. ■ 


The following theorem follows from results in 




Theorem 3.2 Letr be a Belavin-Drinfeld r-matrix, Uk(g,r) the correspond¬ 
ing Etingof-Kazhdan quantum group, m and A the standard multiplication 
and comultiplication on U(g) respectively. Then there exists an invertible g 
invariant element $77 G U(g)' 8 ’ 3 [ft] such that 

(I) (U(g)[^J, m, A, is a Drinfeld algebra; 

(II) = 1 + h 2 p (mod h?) where 0 7 - p E (/\ 3 g) 0 / 

(III) There exists an element Fn = 1 + hr + • ■ • which defines a gauge 
equivalence between U^g, r) and (U(g)[ft], m, A, $a)- Therefore the module 
categories corresponding to U^,(g,r) and (U(g)[F], m, A, $^) are equivalent 
as monoidal categories. 


PROOF: First we prove that there exists an element $ 7 ^ G U(g)® 3 |7i] satisfy¬ 
ing = 1 (mod h 2 ) and such that (U(g)[^J, A, $^) is a Drinfeld algebra, 
gauge equivalent to U;i(g, r). 

By Proposition pT~ 2 | , there exists F h such that F ^ 1 - A (x) ■ F n — A n(x). In 
our case, A h is coassociative, that is, 

(A ft 0 id) o A h = (id 0 A h ) o A h . ( 8 ) 

Using multiplicativity of A, one has for the left hand side of (d): 

(A R ®id)(A 7 i(x)) = (F h ® 1 ) _1 • (A< 8 )id)(A 7 i(a;)) • (F h ® 1 ) = 

= (F n 0 I )" 1 • (A 8 ) id )(F t ' 1 ■ A{x) • F h ) • (. F h 0 1) = 

= (. F h 0 l )- 1 ■ (A 0 id)^” 1 ) ■ A 3 (x) ■ (A 0 id) (Fn) ■ (F h 0 1) 

where the notation A 3 = (A 0 id) o A is used. Similarly, the right hand side 
of (d) is of the form (l0F7j) _i • (id0A)(F^ 3 ) • A 3 (x) • (id0A)(F ft ) • ( 10 ^) 
since (A 0 id) o A = (id0A) o A. Put $77 = (id0A)(F7j) • (1 0 Ff) ■ (Fn 0 
l)” 1 ■ (A 0 id )(Ffr 1 ). Clearly, satisfies $77 • A 3 (x) ■ = A 3 (x) for 

all x G U(g)[ft]. Considering (U(g) [h ], A^) as a Drinfeld algebra with the 
trivial associator and using Theorem | 3 T| , one concludes that (U(g)[F], A, $77) 
is also a Drinfeld algebra. 





We prove that has no linear term in h. Recall that F h = 1 ® 1 + 
hr (mod K 2 ), thus F^ 1 = 1(8)1 — hr (mod h 2 ). Using the standard notation 
(1 <8> r = r 23 , r 0 1 = r 12 and r 13 = a i ® 1 ® k for r = a i ® &i) and the 
fact that r e 0<S>0, one has (id<8>A)(r) = r 12 + r 13 and (A®id)(r) = r 13 + r 23 . 
Hence the linear in h term of <1+ is equal to r 12 -|- r 13 -|- r 23 _ r 12 — r 13 _ r 23 — o. 

Combining this with Proposition |3^ 
one completes the proof. ■ 


Proposition |3.3| and Theorem 3.1 


Remark 3.3 As we mentioned above, the gauge transformation F^= 1(8)1 + 
hr + • • • from XJfi(Q,r) to (U(g) [h], m, A, establishes a monoidal equiva¬ 
lence between (f 2)(U(g)[ft],m,A,<I> fi ) cmd £ ®(U(g)[fi],m,A/j,Id® 3 )' V j/^ ft) 

is an algebra in £ then the corresponding algebra in € is (HJh], Fff). In 
explicit terms, if pn = p + hfi\ + • • ■ then pn o Fn = p + h(ji\ + r) + .... 
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4 Infinitesimals for r) invariant quanti¬ 

zations 

Let G be a connected simple Lie group over C, g the Lie algebra of G. In this 
section we study properties of infinitesimals for G invariant quantization of 
function algebras on homogeneous manifolds in the category with Drinfeld 
associator We show that, similarly to the case of associative deformation, 
any ^-associative deformation has as infinitesimal a bracket obeying the 
Leibniz rule and a weak version of the Jacobi identity. 

Throughout the section, M denotes a homogeneous G manifold, thus 
it is isomorphic to G/K for some closed Lie subgroup K of G. We fix a 
reductive closed subgroup K and denote by £ its Lie algebra. By A (M) = 
® p>0 A P (M) we denote the exterior C°°(M) algebra of vector fields on M. 
For a g module V, we denote by V 3 the set of all g invariant elements of V, i.e. 
V 9 = {v G V\X.v = 0 for all X G g}. 

4.1 Invariant poly vector fields on a homogeneous man¬ 

ifold 

We show here how to construct poly vector fields on M — G/K starting from 
elements of f\ p g and /\ y 'g/L 

Taking 6 G (/\ p $/£)*, one can construct a p-vector held A q{9) on G in 
the following way. Using reductivity of t, we choose a £ invariant subspace m 
of g, complement to £. Then lift 6 to 6 G (f\ p g) f and put (Ag($)) s = ( L g )*6 ) , 
where L g : G —> G is the left translation x > gx. The held A g{9) is left G 
invariant. It is also right K invariant, thus it is projectable on M = G/K. 
Set A m{0) = vt*(Ag(^)) where n is the natural projection G —> G/K. The 
held A m{0) on M is G invariant. We shall denote the C°°(M) module of all 
g invariant p -vector helds on M by A®(M). 

Proposition 4.1 Any g invariant polyvector field on M is of the form A m{@) 
for some 9 G (/\ p g/£) ( . 

PROOF: A g invariant polyvector held is fully determined by its value at 
an arbitrary point m G M. There is a natural vector space isomorphism 
between the quotient g/t and the tangent space T m M. This isomorphism 
induces an isomorphism between /\ p g/£ and f\ p T m M. Thus any g invariant 
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p- vector field is generated by some element of /\ p g/t. On the other hand, 
to be projectable, this element of /\ p g/t must be t invariant. (See also 
1.4.6). ■ 

In a similar way, consider an element if G f\ p 0 and put (p G (^)) s = {R g )^if 
for any g e G, where R g : G —» G is the right translation x i—► xg. By its 
definition, pdf’) is G invariant from the right. In particular, it is K invariant 
from the right. This makes it projectable on M, denote the corresponding 
polyvector held by Pm(V’)- Note that the held Pm if 1 ) is not necessarily g 
invariant. 
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4.2 The Schouten bracket 

Definition 4.1 Let A(a) be the exterior algebra of a Lie algebra a. The 
Schouten bracket onA(a) is aC bilinear mapping A p (a)xA q (a) —> Ap +g _!(a) 
defined by 

PO A ... A X p , hA... AhJ = '^2(—l) i+j [ x i, Yf\ A x i A ... Xi.. .Yj ... AY q 

ij 

where [X , Y] is the Lie bracket on a and the notation Xi means that Xf is 
omitted in the summand. 


In particular, putting a = Vect(M), the Lie algebra of vector fields on M, 
one obtains the bracket A P (M) x A q (M) —> A p+q _i(M) of polyvector fields, 
introduced by J. A. Schouten in |TI|. Interpreting polyvectors on M as poly¬ 
derivations of the function algebra A = C°°(M), one can give an equivalent 

|2l 


definition of their Schouten bracket 


We give here the correspond¬ 


ing formulas for two particular cases which are important for us. 

Let (,?] e A 2 (M), then the Schouten bracket [£, 77 ] is a 3-vector field 
acting on a triple A® 3 as follows: 


[£, 77 ](a, b, c ) = £(r?(a, b)c) + 1 ?(£(a, 6), c) + Cycl 

where Cycl denotes taking of all the cyclic permutations of a, b, c. Using this 
presentation of Schouten bracket, we prove that 

[£, vl = 3 Alt (f 0 (V ® id) + 77 o (£ ® id)). (9) 
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Indeed, by using the definition of the operator Alt and the skew symmetry 
of £ and 77 , one obtains: 

Alt (£o ( 77 ® id)) (a, 6 , c) = ^ (£ (77(0, 6 ), c) - £ ( 77 ( 6 , a), c) + 

+ ^(^(6,c),a)-£(77(c,6),a) + 

+ €(r}(c,a),b) - £(rj(a,c),b)^ = 

= ^ (f fa(a, 6), c) + £ ( 77 ( 6 , c), a) + £ ( 77 ( 0 , a), b) ) = 

= 7 ^(t(v(a, b ),c) + Cycl). 

In the same way, Alt ^77 o (£ <g> id)) (a, b, c) = | ^77 (£(a, 6), c) + Cycl), which 
proves (!)■ 

For £ G A 2 (M), u G A 3 (M), one has 

[£,u] = 2 Alt ^£ o ( 7 ; ® id) - 7 ; o (£ ® id® id) + (10) 

+ vo (id <g>£ ® id) —vo (id ® id®£) + £ o (id ®u)). 

The following proposition will be useful for cohomological calculations. 

Proposition 4.2 

(I) Let 9,v G A e (g/£), then [A M (R, A M (u)] = \ M ([#, u]). 

(II) Let 9,v G A(g), then \pm{9),Pm(v)} = -p M ({9,vj). 

(III) Let 0 G A(g), v G A s (g), then Ipm(9), Am(u)] = 0. 

The left-hand side of each formula is the Schouten bracket of polyvector 
fields on M while the right-hand side contains the Schouten bracket on 

AIR¬ 
PROOF: First we consider polyvector fields generated on the group G and 
then pass to the manifold M = G/K. Using Definition 0- one sees that the 
Schouten brackets in A(g) and in A(G) defined by the Lie bracket in g and 
the commutator of left invariant vector fields on G correspondingly. Since the 
Lie bracket in g generated by the commutator of left invariant vector fields 
on G, one has A G ([Z,F]) = [A G (X), A G (F)]_for X,F G g/t and p G {[X,Y\) = 
-[p G {X),p G {Y)} for X,Y G g. Thus A G ([0,t7]) = [A G (0), A G (U)] for 9,v G 
A f (g/T) and p G ({9,vj) = -\p G {9), p G {v)\ for 9,v G A(g). This implies the 
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second claim of the proposition immediately. To complete the proof of the 
first claim, note that if 9 and v are t invariant then the same true for [9, uj. 
Indeed, it is easy to check that for any X e t one has X.[0,r7] = + 

[#, X.v\. Thus for the polyvector fields A g{9) and Ag(T) projectablc their 
Schouten bracket \pg(®) i Pg( v ) 1 is projectable too. This completes the proof 
for (I). 

The third claim is obvious since left and right invariant vector fields on 
G are always commuting. ■ 


4.3 (/^-Poisson brackets 

We showed in Section that the infinitesimal element of an algebra deforma¬ 
tion of C°°(M) is necessarily a bivector held on M. A bivector held obeying 
the Jacobi identity is a Poisson bracket. We introduce here a bracket on a 
homogeneous manifold which is an analog of Poisson bracket for the cate¬ 
gory with non-trivial associator 4>. Fix a non-zero element dp G (/\ 3 g) 0 and 
put <p = \ M (fp). 

Definition 4.2 Let M be a G-manifold. A skew symmetric biderivation 
{•, •} : C°°(M)® 2 —> C °°(M) is called a o?-Poisson bracket on M if for any 
f,g,he C°°(M) one has 

{{/, 9), h} + {{h, /}, g} + {{#, h}, /} = ip(f, g, h ). 

Proposition 4.3 Let v G A 2 (M), then the expression |u,r>] is the left-hand 
side of the Jacobi identity for the bracket corresponding to v. 


PROOF: Straightforward computation. ■ 

Thus v G A 2 (M) corresponds a (^-Poisson bracket on M if and only if 
[u,u] = ip. It determines a Poisson structure if and only if p — A m(<p) = 0. 
It will be shown in Section |6j that using an appropriate r-matrix bivector 
held, one can turn any manifold with (^-Poisson bracket into a Poisson 
manifold. (It is crucial that the 3-vector helds A Miff) an d Pm{&) coincide 
and G invariant.) Moreover, J. Donin, D. Gurevich and S. Shnider recently 
proved ([ 101, Proposition 2.2.) that the inhnitesimal of any U^(g,r) invariant 


quantization is always of the form s + r where s is a 92 -PoissoN bracket, 
r = Pm(j) an d r is a Belavin-Drinfeld r-matrix. 
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5 Quantization of (^-Poisson manifolds 

In this section we give a sufficient condition for existence for a given ip- 
Poisson bracket s on M a G invariant ^-associative deformation of the 
multiplication in C°°(M) with s as the infinitesimal. 

As above, G denotes a simple Lie algebra over C with the Lie algebra, 
K a connected closed Lie subgroup of G, 6 the Lie algebra of K. By s we 
always denote a <£>-Poisson bracket on M = G/K generated by an element 
as it was explained in Section |4.1| . 

5.1 The complex (A(M),d s ) 

For a yj-PoissoN bracket s G Af(M) set d s (u) = [s,u], v G A 0 (M). 
Proposition 5.1 (A 0 (M),d s ) is a cochain complex. 

PROOF: We need to prove that d s od s = 0. Take v G A®(M), then v = Xm{v) 
for some v G (/\ p g/t) e (see Section P~T| ) . We denote by [ •, ■ ] the Schouten 
brackets both on A 0 (M) and on A E (g/t). Thus d s (u) = Am([s,v]), so it 
suffices to prove that [s, [s, ii]J = 0 for any v G (/\ p g) E . One checks easily 
that [s, [s, u]] = |[[s, s],u] = i[^, v\ where a g invariant element of /\ 3 0- 
All this implies that d s (d s (i?)) = |[<^,u] where = ANote that also 
(p = Pm{<P) thus, by Proposition [Oj(III), [<^, u] = 0. ■ 

Now, take a G invariant held v = Xm(v) on M, then one has d s (u) = 
Am([s, u]). Thus the cochain complexes (A 0 (M),d s ) and (A E (g/l), [s, ■ ]) 
are isomorphic. 

Suppose A(g) possesses an involution 6 : A(g) —> A(g) such that 9(u) = 
(—l) p+1 a; if to G /\ p g. Since 9(s) = —s,the set of all elements with prop¬ 
erty 9(u ) = u forms a sub-complex of (A E (g/6), d s ) which we denote by 
(A E,6l (g/fi), [s, -J). The corresponding sub-complex of (A 0 (M),d< j ) we denote 

by (A(M),d a ). 


5.2 Effect of Drinfeld associator 

We prove here that the presence of the Drinfeld associator of Theo¬ 
rem [L2] does not affect substantially the cohomological construction of the 
deformed multiplication The reason is basically that begins with 
1 (g) 1 <8> 1 and has no term with h, so it does not change the infinitesimal. 
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Let pf^ 1 be a g invariant C[/i] linear mapping A{hj ®i*H[/i] —> A{hj of 
the form pf~ x — p + Ylk=i ^l^k- (The pair (A\K\ 1 pf~ l ) is a not necessary- 
associative algebra over C [h]. 

Lemma 5.1 Set = p o (p 0 id) — p o (id®/x) o $ and suppose that 

B^tXhrA 1 ) = 0 (mod h n ). Then the following congruences are valid modulo 
h n+2 : 

B^M x ) O (id®A ® id)($ R ) o (<f> ® id) = B^, h (p n h x ); 

BtM- 1 ) ° (id®^ -1 ® id) o (<f> ft ® id) = B ^ h ( p n ~ l ) o (id®^ -1 ® id); 

B$ h (/4 _1 ) ° (id ® id ®/i£ _1 ) o (A®id ® id )($ h ) = B$ h (p 7 ^ 1 ) 0 (id ® id ®/4 _1 ). 

PROOF: The congruence B^ h (p 7 ^~ 1 ) = 0 (mod h n ) implies 

BsM- 1 ) = h n p + h n+l f (mod h n+ 2 ) (11) 

~3 

for some e C ( A ; A). The formal power series has 1 ® 1 ® 1 as the 
initial term, and it has no linear term. Its formal inverse, < L^ 1 , is of the same 
form. Thus 

(h n r) + h n+1 £) o $ h = h n g + h n+1 f (mod h n+2 ) 

(h n rj + h n+1 0 o$- ] = h n r] + h n+x f (mod h n+2 ). 

Hence the left hand side of (pH|) will also not be changed after taking the 
composition with any algebraic expression containing or < L^ 1 . I 

Denote by dthe operator A [h]defined by formula (|J) 
with pf~ l instead of p . It is a polynomial in h with the Hochschild cobound¬ 
ary operator d (defined by p) as the initial term: d= d+/idi + h 2 d .2 + ■ ■ ■ + 
h n ~ l d n _i. In what follows we need the explicit formula for dp 

p 

di£ = sO (id ®0 + 5^(-l) fc e° (id® (fc_1) ®s® id® (p - fc) ) + (-l) p+1 sO (£® id). 

k=i 

< 12 ) 

The operator cl is not a differential, since do d^ 0. However, using the fact 
that pf~ l is associative modulo K 2 , we prove the following lemma. 

Lemma 5.2 Let u* _1 be a invariant and let B^Jpd^ 1 ) = 0 (mod h n ). 
ThendB^pl- 1 ) =0 (mod h n+2 ). 
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PROOF: For this proof we set the following notation: B = JJ = 

and <f>fr = <f>. The sign = will denote the congruence modulo h n+2 . 

By the definition of d, 

d B = JJ o (id 0£>) — B o (jj 0 id 0 id) + (13) 

+ Bo (id 0/7 <8> id) — B o (id 0 id 0/7) +/jo(B® id). 

Compute each term of the right hand side of ( |H>| ) . The following two identities 
can be checked directly: id 0 (JJ o (JJ 0 id)) = (id 0/7) ° (id 0/1 0 id) and 
id 0 (JJ o (id 0/7) o $) = (id 0/7) o (id 0 id 0/7) o (id 0$). Thus 

/7o(id0£>) =/7o(id 0/7)o(id 0/70id)—/7o(id 0/7)o(id 0 id 077)o(id 0<f>) (14) 

In analogous way, using the identities (JJ o (JJ 0 id)) 0 id = (JJ 0 id) o (JJ 0 
id 0 id) and (JJ o (id 0/7) o $) 0 id = (JJ 0 id) o (id 0/1 0 id) o (4> 0 id), one 
obtains 


/i o (£> 0 id) = /a o (/j 0 id) o(|i0 id 0 id) — (15) 

— Jl o (JJ 0 id) o (id 0/10 id) o ($ 0 id) 

To proceed with the remaining three terms of ([l3|) . recall that JJ is g 
invariant, i.e. cc o Jl = Jl o A(x) for all x G U (see Definition |3 . 7]) . Since 
$ G U , this implies the following three equations: 

$ o (jj 0 id 0 id) = (jii0 id 0 id) o (A 0 id 0 id) (4>); 

$ o (id 0/Z 0 id) = (id 0/10 id) o (id 0A 0 id) (<h); 


$ o (id 0 id 0/a) = (id 0 id 0/a) o (id 0 id 0A)(<3>). 
Using these equations, one obtains 


B o (/i 0 id 0 id) 


JJ o (jl 0 id) o (JJ 0 id 0 id) — 

JJ o (id 0/a) o $ o {JJ 0 id 0 id) = (16) 

JJ o (JJ 0 id) o (JJ 0 id 0 id) — 

Jl o (id 0/1) o (/a 0 id 0 id) o (A 0 id 0 id) (<h); 


B o (id 0/a 0 id) 


/a o (/i 0 id) o (id 0/a 0 id) — (17) 

JJ o (id 0/a) o (id 0/7 0 id) o (id 0 A 0 id) (<h); 
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B o (id ® id ®/r) 


= /r o [n ® id) o (id® id®//) (18) 

— JI o (id ®/l) o (id ® id ®/l) o (id ® id ® A) (d>). 

Take the composition from the right of the both sides of (P~^) with (id ® A® 
id)(d>) o (d> ® id). By Lemma |5.1| , B o (id® A ® id)(d>) o (d> ® id) = B. Thus 
one obtains the left hand side of (|L4|) unchanged, and so 

JI o (id ®R) = /Jo (id®//) o (id®//® id) o (id®A ® id)(d>) o (d> ® id) — (19) 

— Jl o (id ®/Z) o (id ® id ®/l) o (id ®d>) o (id ® A ® id) (d>) o (d> ® id) 

Similarly, taking the composition from the right of the both sides of (p~7|) 
with d> ® id and the both sides of (|T8|) with (A ® id® id)(d>), one obtains: 

B o (id ®// ® id) = JI o (/I ® id) o (id ®/Z ® id) o (d> ® id) — (20) 

— JI o (id ®//) o (id ®/I ® id) o (id ® A ® id) (d>) o (d> ® id) 


B o (id® id®//) = // o (// ® id) o (id® id®/x) o (A ® id®id)(d>) — (21) 

— JI o (id ®//) o (id ® id ®/7) o (id ® id ® A) (d>) o (A ® id ® id) (d>) 

Finally, put (|l9|) , (|l6|), (|20|) , ( ^11) and (|T5l) into (1l3|) . Using the identity 
(JI ® id) o (id ® id ®/Z) = JI ® JI = (id ®/l) o (jl ® id ® id) and the Pentagon 
Identity, one concludes that dB = 0. ■ 

5.3 Quantization in the category with ^-associativity 

Let ip and s be as above, (C (M), d) the local Hochschild complex for A = 
C°°(M), as in Theorem |3.2| . Our goal is to prove that there exists a non- 
commutative associative formal deformation (A[fr|,/z^) of the associative 
commutative algebra (A , /jl) with the original associative multiplication // as 
the initial term and s as the infinitesimal. Recall (Example |3.4Q that d>/j 
associativity means pn o (//ft ® id) = //ft ° (id ®//ft) o d>ft. This can be written 
as 

BtM = 0 . ( 22 ) 

Recall also that g invariance means x o fi n = p h o A(x) for any x E U(g) 
considering as a differential operator on A [//]. 
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Suppose that A(g) is equipped with an involution 6. Recall (see Sec¬ 


tion |5J]) that the subset A(M) of A(g) consisting of elements whose homoge¬ 
neous components u G /\ p g satisfy 0(uj) = (—l) p+1 (a;) forms a sub-complex. 


Definition 5.1 We call a p-Poisson bracket s $^-quantizable if there exists 
a associative commutative g invariant multiplication pn, on C°°(M)[h] of 
the form pn = p + hs + ■ • •. 

Theorem 5.1 Let s be a g invariant bivector field on M such that [s, s] = p. 
Suppose that H 3 ^A(M),d s j = 0. Then s is <&ti-quantizable. 

This theorem is a generalization of Proposition 4 of |8j . The difference of our 
considerations from those of || is that we fix the first order term for pn and 
we do not assume A m(t) = 0- Since H 3 (C (M),d) 4 0 in general, one can 
not apply the arguments of § directly to the case. Instead, we combine these 
arguments with the techniques of O. M. Neroslavsky and A. T. Vlassov 
28fl . A clear exposition of their method in the context of obstruction theory 
is given in |27| . 

PROOF: Starting with p\ = p + hs, we find subsequent approximations of 
Pfi by g invariant multiplications 


Tn = T 


+ sh + 'y ^ pih 1 


i =2 


with pi s obeying the Parity Convention: p 2 k G C _{A\A) and p 2 k+i G 

C 2 + (A;A). 

To proceed by induction on n, we prove first that the linear approxima¬ 
tion, p\ = p + hs, obeys ( |22l) modulo h 2 , i.e. 


B <s>nihl) = Mn 0 (/4® id) -hl° (id0/4) 0 = 0 (mod h 2 ) 

Opening the brackets and leaving the constant and linear on h terms only 
and using the definition (|4|) of the Hochschild coboundary operator, one 
obtains B§ h (p)f) — dp + hds. Simple computation shows that dp = 0. We 
prove that ds = 0. Using the definition (||) of operator d and the Leibniz 
rule for each argument of s, one has for any a, b, c G A: 

d s(a,b,c) = as(b,c) — s(ab,c) + s(a,bc) — s(a,b)c = 

= as(b, c ) — as(b, c ) — bs(a, c ) + s(a, c)b + s(a, b)c — s(a, b)c = 0, 
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where ab = //(a, b). Note that still played no role in our arguments. 

Assume we found /ids for all i < n, such that is ^-associative 

modulo h n : 

B *n (/4T 1 ) = 1 ° K ' 1 ® ^ 10 (i d mV) ° = 0 (mod 7T) (23) 

This means that 

= '(modfi”«) (24) 

~3 —2 

for some r/ n e C (A; A). We are looking for a //„ G C (A; A) which will cancel 
rj n , i.e. such that /i^ = + h n /i n obeys (^3|) modulo h n+1 . Opening the 

brackets in ([□]) and putting all the terms of degree n together one obtains 
an explicit expression for the obstruction r/ n : 

Vn = ^ IM 0 (hj ® id) - ^ ^ ° ®^j) ° ^ 2 k, (25) 

i-\-j=n i-\-j-\-2k=n 

0 <i,j<n 0 <i,j<n 

kf 0 

where if 2 k as in Theorem |3.2| . Note that the obstruction rj 2 is 0 invariant, 
for this is true for fi and /q = s. Thus we assume that rj n is 0 invariant and 
prove that f n can be chosen to be 0 invariant as well. 

Lemma 5.3 

(I) d rj n = 0 ; 

(II) d s (Altr/ n ) = 0. 


PROOF: Since *) = 0 (mod h n ), one has 

BzM- 1 ) = h n r, n + h n+l ti (mod h n+ 2 ) 


for some £. By Lemma |5.2| . d/i,j );i (// 


n— 1 \ 
h ) 


= 0 


(mod h n+2 ), thus 


ABM' 1 ) = (d+hd 1 + ---)(h n Vn + h n+1 z + ---) = 

= h n d rjn + h n+1 (dir] n + d£) H-= 0 (mod h n+ 2 ) 


where dis the Hochschild coboundary for the algebra (A, /i), and di is as in 
©• Equating to zero the coefficients before h n and h n+l respectively, one 
obtains two equations: d rj n = 0 and di rj n + d£ = 0. The former equation 
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proves (I). Taking the alternation of the both sides of the latter equation, one 
obtains Alt(dir/ n ) = 0 since Alt(d£) = 0 by Proposition |2T3| . Using d rj n = 0 
and Theorem 0 one concludes that Alt r] n is a 3-vector held on M. Using 
direct computation, one can prove that 2 Alt(diyy„) = [s, Alt 77 ^] (see formula 
( KI) and the proof for formula (||)). This proves (II). ■ 

In classical obstruction theory, when the third cohomology space is equal 
to zero, all obstructions vanish, but we have H 3 (C (M), d) 7 ^ 0. To eliminate 
the obstruction r/ n , one can try to correct the previous term, /j, n _ih n ~ 1 . First 
prove that the parity of r/ n is the opposite to the parity of the integer n, i.e. 
V 2 k e C 3 (A; A) and r) 2k+ i e C 3 (A; A). 

Lemma 5.4 rj n (c, b, a) = (—l) n+1 r] n (a,b,c). 


PROOF: By Lemma fT~T| . 3 ) o 3 ) (mod h n+1 ). This 

implies 

hr 1 0 (ha' 1 ® id) - ha’ 1 0 (id®^ -1 ) ° = 

(26) 

= tfT 1 O (/ir 1 ® id) o $-1 - ^-1 0 (id ^n-l) (mod ftn+1) 

For a formal power series £ = J2k>o^ k ^ k , set c n (£) = £ n . Clearly, c n (£) = 
0 if £ = 0 (mod h n+l ). Therefore (|26|) implies that 

hn = (//£" 1 o (z^- 1 ® id) - /I” -1 o (id ®^ _1 ) o $ R ) = (27) 

= c « (hr 1 ° (hr 1 ® w) ° 1 - hr 1 ° ( id ®ha -1 )) 

Assume n is even, then the parity of i and j in each term of (^) is the 
same. Consequently, /i t (fJ,j(a, b),c ) = /i,; (c, //.,■( if a)), and thus 

ha(h£(M),c)) = /4(cX(M)) 

for any a, 6, c G A. Using (|27|) and the property <P| 21 = <P)( 1 , one obtains: 

Vn(c, b, a) = Cn^r 1 0 (/4T 1 ® id) ° $| 21 (c, b, a) - ^~ l ° (id®^ _1 )(c, 6, a)). 

(28) 

The second summand in (|28|) is equal to 1 0 (/^ 1 <8> id) (a, 6, c). To con¬ 
sider the first summand, write <Pft(a, 6, c) as <P'(a) ® <P"(h) ® ^"'(c), then 
<P 321 (c, b, a) = $"'(c) ® 4>"(6) ® <P'(a), and thus 

n—1 


^ 1q 


(/ir 1 ® a) = hr 1 ( $, («) 5 ur 1 ($"(&), ^"(c))) = 

= 0 (id^ha' 1 ) 0 ®R(a,6,c). 
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One concludes that r/ n (c, 5, a) = —rj n (a, b, c ). 

Similarly, when n is odd, then the indices i and j are of the opposite 
parity for each term in (|25|) . Thus (/i^(a, b), c)) = — p^ (c, a)) which 

is followed by r] n (c, b, a) = rj n (a, b,c). ■ 

By Lemma |5.3|, i) n is a Hochschild cocycle. Then by Theorem [2.1|, Alt 
is a 3-vector held on M, and 


Vn = Alt r] n + du 


(29) 


for some bidifferential operator v. Note that Alt ri n is g invariant. 

_ —3 

Assume n is odd. By Lemma |5.4| , r} n G C + (A; A), i.e. it is even, and thus 
Alt r) n is equal to zero, for this is an odd 3-cochain. Thus in this case rj n = dv 


for some bidifferential operator v G C (A; A). Proposition 
in (|29|) can be chosen skew symmetric. 


shows that v 


Lemma 5.5 Let £ = d#u be a g invariant Hochschild p-coboundary, v G 

— 1 -— p — 1 

C (A; A). Then there exists a g invariant v° E C (A; A) such that £ = 


d H v°. 


—-'P ~p 

PROOF: Consider the spaces C (A; A) as g modules. The modules C (A; A) 
can be decomposed into direct sum of finite dimensional highest weight 
spaces. The sum of the spaces of highest weight zero is equal exactly to 

—p —p 

the subspace C (A; A) 0 of g invariant cochains. For C = C (A; A) and a 
weight A of g, denote by C A (C P ) the direct sum of all components of the 
highest weight A. In particular, f/°(C P ) = (C P ) 0 . It is easy to check that the 
Hochschild coboundary operator d# commutes with the g action. Thus 

d H (V^' 1 )) C C A (C P ). (30) 


Decompose v = v° + v where v° G H°(C P ) and v 

Then, by (|30|), £ G H°(C P ) implies djjv = 0, and thus £ = dnv°. ■ 


This lemma implies that v can be chosen g invariant. The polynomial = 
A^ -1 + is ^-associative modulo h n+l and it is g invariant. Hence for an 
odd n, g invariant term p n h n obeying the parity convention can always be 
constructed. 

Consider the case when n is even. By Lemma |5.4| , rj n is odd, thus Alt r/ n 
is not necessary zero. Proposition |2.1| and Lemma T5 show that v in (29) 
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can be chosen symmetric and g invariant. By Lemma r73, d s (Alt r] n ) = 0. 
Together with H 3 ^A(M), d s ^ = 0, this implies that Altr/ n = d s £ for some 

C e A 2 (M). 

Put 

R- 1 = R- 1 - fcft”- 1 - 

Since ( is skew symmetric, jl n h ~ 1 obeys the parity convention. Thus for the 
obstruction corresponding to i.e. a bidifferential operator rj n such that 

= h n rj n (mod h n+1 ), the statements of Lemma [T3] (II) and 
Lemma |5]4] are still valid, that is, rj n (c,b,a) = —rj n (a,b,c ) and drj n = 0. 
Direct computation shows that 

rj n = rj n + ^ n l dC-^C°( s ®id)+so(C®id)-C°(id( 2 )s)-so(id®C)j (31) 

The Hochschild coboundary of any biderivation is equal to zero, hence d£ = 
0. Using the skew symmetry of s and £, one checks directly that 

Alt o (id (Sis) + s o (id ®£) j = — Alt o (s ® id) + s o (( ® id) 


Thus taking the alternation of the both sides of (|3T|) and using formula (|fjh 
Section fO|, one obtains Alt 77 ^ = Alt 77 ^ — [s, £] = 9 — d s <C = 9 — 9 = 0. 


By Theorem |2.1|, this implies that rj n = dv for some bidifferential operator 
v. As it was mentioned above, v can be chosen to be symmetric and g 
invariant. Finally, put /i n = v and [i\ = jin 11 + h n v. It is left to prove that 
= 0 (mod K n+1 ). Using the definition of rj n and equality rj n = dr;, 
one has = k n dv (mod h n+1 ). Therefore 

B<s> n inn) = B *r. (fin' 1 - 1 ) + h n ^o (v ® id) + V o (fj, ® id)) - 
— h n (jjl o (id ®v) + v o (id ®/i) j o = 

= B$ h (jin'- 1 ) + h n (^/j, o (v ® id) + v o (/r <g) id) - 

—n o (id®r>) —vo (id®)/i) j = 

= dr; — dr; = 0 (mod h n+1 ) , 

where the congruence h n jd o (id®r>) o <f> a = h n fi o (id®n) (mod h n+1 ) was 


used (see Lemma |5.1|) . Theorem 


is proven. 
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6 A class of homogeneous manifolds 
with quantizable Poisson brackets 

In this section we introduce a class of homogeneous manifolds, Mj a , which 
closely related to manifolds appearing in the problem of classification of quo¬ 
tients of G by a reductive subgroup of maximal rank. We prove that all 
the manifolds Mi a posses G invariant y-PoissoN brackets and present their 
explicit forms. It turns out that these brackets are essentially unique. Any 
(p-PoissoN bracket s determines a cochain complex. By computing the cor¬ 
responding cohomologies of this complex, we prove that s can be quantized 
in such a way that after quantization we obtain a G invariant dvassociative 
multiplication. Due to results of Section [3], this implies that any Poisson 
bracket on Mi a of the form s + r can be quantized invariantly with respect 
to the quantum group Un(g, r) action. 


6.1 Poisson brackets generated by Belavin-Drinfeld r- 
matrices 

Let G be a connected simple Lie group over C, g the Lie algebra of G, K 
a connected Lie subgroup of G, t the Lie algebra of K . Denote by M the 
homogeneous G manifold G/K. Recall that the vector space m = g/t is 
isomorphic to the tangent space to M at the point fixed by K . In Section |4.3| 
we introduced the notion of y-PoissoN bracket. Here we explain how to pass 
from a y-PoissoN bracket to a usual Poisson bracket. 

Let s be a y-PoissoN bracket on M. By Proposition [O], s = Xm(s) for 
some s G (f\ m) satisfying [s,s| = y, where y is a non-zero g invariant 
element of /\ 3 g. Take a Belavin—Drinfeld r-matrix r with [r, r] — if for 
the same ip, and put r = Pm(j)- Then, by Proposition [L^, one has [s, s] = <p, 
[r, r] = —ip and [s, r] = 0, thus [s + r, s + r] = 0. 

As in Section |T4|, we denote by U ft (g,r) the Etingof-Kazhdan quantum 
group determined by r. Recall that d’^-quantizability of s means that there 
exists a ^-associative g invariant multiplication on C°° (M) [h] of the form 
Jin = p + hs + • • • where is given by Theorem [L2. 


Theorem 6.1 Let M be a smooth manifold with the above if-bracket s and 
Belavin—Drinfeld bivector field. Then 
(I) s + r is a Poisson bracket on M; 
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(II) If s is Qn-quantizable, then there exists an associative multiplication 
Hh on C°° (M) [h] of the form pn = p + h(s + r) + • • • which is invariant under 
the action of the quantum group U/i(g,r). 

PROOF: (I). It was mentioned above that [s + r, s + r] = 0. By Proposi¬ 
tion |4.3| , this means that the sum s + r obeys the Jacobi identity. 

(II). Suppose that there exists a ^-associative multiplication of the form 
Jlti — /a + Hs + ■ ■ ■. By Theorem |3]2|, there exists an invertible power series 
Ffr = id 02 +hr + ■ • • G U 02 g[h] such that the composition pn = Ph° Fn is 
a (strictly) associative multiplication. Expanding the composition in powers 
of h , one obtains p h = p-\- h(s + r) + • ■ •. (See also Remark fhJ| .) ■ 


6.2 Homogeneous manifolds related to regular subal¬ 
gebras of 0 

Fix a Cartan subalgebra t) of the simple Lie algebra g, denote by the 
corresponding root system and fix a set of simple roots for Q. 

In what follows, all tensor products and dimensions are taken over C. 

Definition 6.1 We call a Lie subalgebra t regular if it is reductive and con¬ 
tains a Cartan subalgebra. 


Since all Cartan subalgebras of g are conjugate, we can consider only those 
regular subalgebras which contain the fixed Cartan subalgebra f). Choose a 
subset P C hi and denote by T(f2) and T(P) the Z lattices generated by hi 
and P respectively. Set flp = T(P) D hi and denote by l the Lie subalgebra 
in g of the form 



where g 3 is the one dimensional root space in g corresponding to f3 G fl, 
and © denotes the direct sum of vector spaces. Then t is regular, and any 
regular Lie subalgebra of g appears in this way, see 0, Chapter 6, § 1. 
Denote by K the Lie subgroup of G corresponding to the Lie algebra t. 
Since K corresponds to a regular Lie algebra, it is connected and closed. Set 
M = G/K and 


m= 0 g 

/3e Q\fi P 


P 
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It is a t module, and it is easy to see that m is the orthogonal complement 
to t with respect to the Killing form (•, •). Thus one can identify m with 
the quotient g/t and treat it as the tangent space to the homogeneous M at 
the point fixed by K. 

Denote by D the image without zero of D under the canonical epimor- 
pliism T(0) —> r(ft)/T(P). We denote the image of (3 G D in D by (3, and 
call the elements of D quasi-roots. Quasi-roots are convenient labels for some 
important irreducible representations of Lie algebra t. Namely, put 

m /3 = © 0 7 ' 

76/3 

To prove that all t modules rtVg are simple, we will use the following lemma 
which is proven in [|T0| . 

Lemma 6.1 Let (3 = (3' , then there exist 07 ,..., 07 G Op such that f3 + ot\ + 
a 2 + ■ ■ ■ + ctk = (3 and (3 + an + a 2 + • ■ • + cq is a root for every i ^ k. 

PROOF: We use the following fact about root systems of simple Lie algebras 
(see [|32[ , Chap. IV, Prop. 3). If (a, (3) > 0 for some roots a, (3 then a — (3 
is a root as well. The equality (3‘ = (3 means that (3 = (3 + 71 + • —f for 
some (not necessary different) roots 7 * G P. If (/? , (3) > 0 then (3 — (3 is a 
root in f2 P , and everything is done. I 11 the opposite case, (/3 , (3) ^ 0, one uses 
induction by m. Namely, since (/3 ,/3 ) > 0, there exists a root 7 , such that 
(/? , 7 i) >0. Changing labels, one can assume (/? , 7 m ) > 0. Thus (3 — 7 m = 
(3 + 71 + • • • 7 m —1 is a root, and (3' — 7 m = (3. By the induction hypothesis, 
there exist 07 ,..., a m -i G Dp such that (3 + 07 + a 2 + ■ ■ • + a m -i = (3 — 7 m 
and (3 + 07 + a 2 + • • • + cq is a root for every i V rri — 1. Taking a m = 7 m , 
one completes the proof. ■ 


Corollary 6.1 For any [3 G D, rtvg is an irreducible 6 module. 


PROOF: Chose a base {X a } of weight vectors for such that X a G 
g Q , and take /3, /3' and cij as in Lemma El Then X a . G 1, and X^ = 
adX Qfc • • • adX Q2 ad X ai (Xp). This implies that any element of a basis of 
weight vectors of can be mapped into another arbitrary element with the 
help of a composition of operators from adh Thus all the weight spaces are 
in same irreducible component. ■ 


The following lemma is also proven in 


10 
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Lemma 6.2 Let (3, /3 1 , ..., (3 m G f2 such that (3 = YPPPx Pi- Then there exist 
roots 7,7 j G 0 srtc/i t/iat 7 G /3, 7* G /3 t and YPn=\ 7* = 7- 


PROOF: The equality (3 = YPiLiPi means that (3 = YPiLiPi + ^2j=i a j f° r 
some Q!i, a 2 , ■■■,«„ G flp. Let (/?, oq) > 0 for some oq, then (3 = (3 — a 3 is 
a root representing f3. This procedure can be repeated if necessary several 
times. Thus one can assume that (f3, oq) ^ 0 for all f s. We use the induction 
on m to find the representatives 7 j. For m — 1, there is nothing to prove. 
Assume that the lemma is proven for all sums of the form (3 = Pi- 

Let f3 = YZiPi + J2j=i a j an d ( P,ctj ) ^ 0 for all f s. Since (P,P) = 
YPULpPi PP + YPj=i(Pi a j) > 0 ; there exists i, say i = m, such that ((3, (3 m ) > 
0 . Therefore (3 — (3 m is a root. Put [3" — [3 — (3 m: then f3" = Y)T=i Pit i- e - P" 
is a sum of m — 1 quasi-roots, and the induction hypothesis applies. ■ 

Corollary 6.2 

PROOF: The inclusion [rrtg , ntg ] C rrtg is obvious. We prove that 
[trig . mqj D Wp + p 2 - By Lemma | 0 ] r j 3 1 + ( 3 2 G LI implies that there ex¬ 
ist representatives 71 G ( 3 1 and 72 G ( 3 2 such that 71 + 72 G P 1 + P 2 is a 
root. Then the space [g 71 ,5 72 ] is non-zero, and it is contained in . By 

Corollary |6.1|, the latter is irreducible. This proves the claim. ■ 

Since E is reductive, the E module m can be decomposed into direct sum of 
irreducible modules. 

Lemma 6.3 Let (3 3 + P 2 G 0, then ntg is a multiplicity free irreducible 
component of E module rrtg 0 rtVg 2 . 

PROOF: First we prove that the E module m-p + p 2 appears as a component 
of rtVg 0 . Consider the mapping C : nvg 0 —> [m-g , rtVg ], X 0 Y h->• 

[. X , y] . It is a E module homomorphism. By Corollary |6.2| , £ has image 
Riq i+ q 2 - The Lie algebra E is reductive, thus the E module 0 nvg 2 is 
decomposed into direct sum of irreducible components. Among them, there 
exists an irreducible sub-module, say p, such that the restriction £|p is non¬ 
zero. By Schur’s Lemma, it is an isomorphism of E modules. 

The fact that triq is multiplicity free follows from |J, Chap. VIII, §9, 
Ex. 14). ■ 


47 


Recall that if V is a module over an arbitrary Lie algebra a, the dual 
space V* = Hom c (V,C) is endowed with an a module structure: (X£)(u) = 
-£(Xv) for V e V, £ g V*. 

Lemma 6.4 For any f3 G LI, t modules and mL are isomorphic. 

PROOF: One has (g'f g 7 ) = 0 if and only if (3 + 7 7^ 0 . Hence the restriction 
of the Killing form (•, •) to rrtg 0 xn_p is non-degenerate, since rtVg 0 m_p = 
Y 0 71 0 0 72 . The restriction is t invariant, thus it defines an isomorphism 


Corollary 6.3 For any /3 G Q, one has dim (m-g-0 m_^) 1 = 1. 

PROOF: First note that if U and V are modules over t. then the £ modules 
(V* 0 Uy and Hornet/, U) are isomorphic. Indeed take £0u G (V* ®U) 1 and 
set L(v) = £(v)u for any v G V. The operator L is £ linear since X(£ 0w) = 0 
for any X G £. 

By Lemma |K4], m_g and rr£ are isomorphic, thus the £ module (rtvg 0 m_g) * 
is isomorphic to Endf(nvg). By Corollary ^T|, m-g is irreducible, thus one can 
apply Schur’s Lemma and conclude that all elements of Endj(rtVg) are mul¬ 
tiples of the unity operator. ■ 


Corollary 6.4 Let (3 he a quasi-root such that (3 


—(3, then 



0 . 


PROOF: By Lemma |6 . 4 ( nv 


Thus dim ( nm 0 mg ) =1. However, 


ip & rtvg j is isomorphic as £ module to End* (mg). 

p 


m- 


ip & m p^ 

element, that is, the Killing form which is symmetric. Hence there is no 

f xt 

skew symmetric elements in ( mg 0) mg 

In what follows we need the existence of one well-known base for the Lie 
algebra 9 . 


contains a non-trivial 


Proposition 6.1 For a semi-simple Lie algebra g there exists a base {X a } ae n, 
{Hp}ptzn with (X a ,X- a ) = 1 such that corresponding structural constants 
N aj p have the following properties: 
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(I) N a0 7 ^ 0 if and only if a + (3 G fl; 

(II) N aP = N m = N ia for a + (3 + 7 = 0/ 

(III) N 0O = -N a0 ; 

(IV) N_ a ,_ 0 = -N a0 . 


PROOF: See |2tJ, Lemma III.5.1 and Theorem III.5.5. 


We are interested in G invariant polyvector fields on M. They are of the 
form A m(v), v G (A P m) e (see Section H). We describe the spaces (/^m) 1, 
for p = 1,2,3. Obviously, there are only trivial 1 invariant vector fields on 
M since 1 contains a Cartan subalgebra. The following lemma describes 
invariant 2-vector fields on M. 


Lemma 6.5 Any element of (f\ 2 m) is of the form 


v = 


5 >(E 

cESO \/ 3 eo 


X 0 A X 



where c _„ = —c™. 


PROOF: We prove first that any element of this form is £ invariant. It suffices 
to check that for any 7 G Op and any quasi-root a G O one has X 1 .rj = 0 
where 

f /3 A X-p. 


v = J2 x « 




Choose 3 G a. If (3 + 7 and 7 — (3 are not roots, then X 7 . (Xg A X- 0 ) does 
not contribute to X^.rj. If f3 + 7 is a root, then X 1 .rj contains the terms 
N 1 pXp +1 A X_p and V 7 ) _( / g + 7 )Xg +7 A X_ 0 which cancel one another, see 
Proposition 6.1. In the same way one considers the case when 7 — (3 is a root. 


Note that any expression of the form cpXp A X_g is invariant with 

respect to the Cartan subalgebra Ip We prove that invariance by 6 implies 
eg = c 0 > if (3 = (3' . Set 


By Lemma |Q 

ol + Ci T 


c /9^/9 A X-0 

/3&a 

if [3 G ol then f3 = a + Ci + • • • Ck for some Q G 


flp, and 

C = Ci, 


Cj is a root for any j ^ k. Let (3 = a + (1 + ■■■ + Ci- 1 , 

0 = (3 + C an d consider the element X^.ip. Since (3 + ( is a root, X^a(j 
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contains the term Xp+^AX-p. Direct computations show that its coefficient 
is equal to cpN^p + cp + ^N^_^p + Q. Using the properties of N^p, one reduces 
this coefficient to the form (cp — cp + f)N^p. Thus X^.if = 0 implies Cp + ( = cp. 


/ 3 > j 

Consider the space (/\ m) of 6 invariant 3-vector fields on M. First, 

note that both (/\ 3 m)* and any its subspace of the form 0 rtVg 0 m- 
are invariant under the action of Cartan subalgebra f). This implies that 
any of their elements must be of weight zero, i.e. it is a linear combination 
of monomials X a 0 Xp 0 X 1 with a + (3 + 7 = 0. In particular, if 7 7 ^ —a — (3 

then 0 0 m-j = 0. Indeed, it is easy to see that if 7 7 ^ —a — [3 

then a + (3 + 7 7 ^ 0 for any a G a, (3 G (3 and 7 G 7 . 


Lemma 6.6 The dimension of (0 ttVg 0 


-a— (3 


is one. 


PROOF: Set D = 0 m 7 and consider this space with the usual t mod¬ 

ule structure. By Lemma p~4], m _(a+p) is isomorphic as t module to m!_ + -g. 
/ \ t 

Thus the 6 modules ( V 0 J and Homj(m s+ ^, V) are isomorphic (see 

proof for Corollary |6.3|) . Since £ is reductive, V is a direct sum of simple t 
modules. By Lemma [T~3| . the module m- ,- is simple and multiplicity free 
in rria 0 nvg. Thus Hom s (m s+ ^, V) and End(.(m- + g) are isomorphic, and 
dim Endt(m 5+ ^) = 1 . ■ 


/ 3 \ {! 

Lemma 6.7 The dimension of (/\ m) is equal to the number of unordered 
pairs {a, (3} such that a + (3 G D. 

PROOF: The dimension of (f\ m) is equal to the number of distinct sub¬ 
spaces of the form 0 rtVg 0 m_ s _^ j . ■ 

Now we describe the elements of (/\ m) which are ^-Poisson brackets. 

Lemma 6.8 [u, v\ = if and only if the coefficients Ca from Lemma [C 
satisfy the following condition: ifa + /3 60 then 


C a+0 


CaCp + ft 

Ooi + Cp 
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PROOF: Let to = J2 a b a X a A X_ a and v = J2 a c a X a A X_ Q be elements of 
(/\ 2 m) . We compute the coefficient before monomial X a+ p A X_ Q A X_ / g 
in [a;, if]. This monomial appears six times, with the coefficients N a pc a bp, 

N—{a+p/flC-a+pb p-, p,—/a+P)Cpb a -\-f)i -^a,—(a+/3)Ca^cH-/3j Xp a Cpb a and 

—N_( a+ p^ a c a+ pb a . Using the properties of N a ,p (Proposition |6.1|), one ob¬ 
tains the sum of the above coefficients: 


' (c a bp C a ^.pbp Cpb a+ p Caba+P T Cpb a Ca+/ 3 ^a)' (32) 

The element bp is of the form 

ip = y N a pX a A Xp A X_( q+( 3 ). (33) 

aGa 


Thus the coefficient before X a+ p A X_ Q A X_p in n 2 <p is —k 2 X ( 


a/3- 


replacing in (|32|) 6 a ’s with c a ’s, one completes the proof. (See also 


and, by 

H). ■ 


6.3 The manifold Mi a and its quantization 


We preserve the notation of Section |6.2| . Fix a simple root a and a positive 
integer l not greater than the multiplicity of a in the highest root in f2. 
Consider the set Qi a of all roots in whose coefficients before a is divisible 
by l (in Section IO we used the notation f2 P ). We denote by Q the set 
of quasi-roots for m„, i.e. the image of in r(f2)/T(f^ a ), by M ia the 
homogeneous manifold whose stabilizer K is generated by T(fb Q )nfL Clearly, 
fl = {a, 2a,...,(/ — l)a}. It follows from the classification of semi-simple 
Lie algebras over C, that l ^ 6. 

The significance of the manifolds Mi a is in fact that their quantization 
can be considered as the first step to resolving the following more general 
problem. Let G be a simple connected Lie group over C, g its Lie algebra, 
t C g a reductive Lie subalgebra, K the corresponding Lie subgroup of G. 
E. B. Dynkin 0 has proven that the homogeneous manifold M = G/K can 
be obtained by taking consequent quotients of direct products of manifolds 


Mia- 

Recall that the quotient m = g/t is isomorphic to the tangent space to 
Mi a at the point fixed by K. We calculate the dimensions of the cohomology 
spaces which figured in Theorem |5.1| . 

For a given xel, denote by [x] the largest integer n such that n ^ x. 
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Lemma 6.9 Let m 

i -1 
2 


g/t be the tangent space of Mi a , 


then dim (/\ 2 m) 


e 


PROOF: According to Corollary |6.4| and Lemma |6.5| , this dimension is equal 
to the number of quasi-roots a such that a ^ —a. The t invariance reduces 
that to the number of unordered pairs {a, —a] which is equal to [^]. ■ 


Note that all elements of (/\ 2 
Cartan involution defined by 


m 


£ 

) are skew invariant with respect to the 


0 \ X a -X_ Q 


(34) 


The image of the coboundary map [s, •] : (/\ ? m) f —> (/\ 3 m) ? consists of 9 
invariant elements, because, if v G (f\ p m) e obeys 9{v) = (— l) p+1 v then the 
element [s, u] is of the opposite parity: 0([s, n]) = (—l) p [s, n]. Therefore 
one can consider the sub-complex of 6 invariant p-vector fields for p odd and 
skew 9 invariant p-vector field for p even. Recall that we denote this sub¬ 
complex by (/ \ p m) E ' . Note that the element <p given by formula (fi 3 | ) belongs 

to (A m) . 

3 £ 0 

Now, we compute the dimension of (A 3 nr) ' . For quasi-roots ia, ja such 

that ja 7 ^ —ia, denote by t)(i,j) the subspace of (/\ m) ’ generated by the 
image of C linear mapping 


(fflja ® TUja A 1"R— 


3 \ W 

m 


A 


(35) 


Xp A 7 ® X—0—y 1 —* Xp A A 7 A X—p—ry — X—p A A _ 7 A Xp^. 


It is easy to see that 


i-j) = 

thus only spaces with i ^ j < | should be taken into consideration. 

Hence one has 

e 

= © (36) 

1 



Lemma 6.10 The subspace o(i,j) has dimension one. 
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PROOF: By Lemma | 6 . 6 | , dim (m^A ® m_ (*+•,■)„) f = 1. On the other hand, 
the mapping (|35|) is non-zero, since there exist /3 E ia and 7 E ja such that 
(3 + 7 is a root. Thus the image of that mapping is of dimension one. 


3 £ Q 

Lemma 6.11 The dimension of (/\ m) ' is equal to the number of its sub¬ 
spaces t)(i,j) with i ^ j < 


PROOF: Direct consequence of the formula (|36|) and Lemma |6.10| . See, also, 
Lemma 


We are interested with the third cohomology space of the sub-complex 
A (Mi a ) of 0 and 6 invariant polyvector fields on M, see Theorem |5.1| . The 


dimension of A 3 (Mi a ) is equal to dim (/\ 3 m) . By Lemma 3.11 , the latter 


^ 3 . 

dimension is equal to the number of pairs (i,j) with 1 ^ i ^ j < 1 For l = 2 


there are no pairs (i, j) satisfying 1 ^ j < 1 , thus dim A 3 (M 2q ) = 0 . 
For l = 3 and l = 4 one has one subspace in (A ?m ) , it is d( 1, 1), thus 

dimA 3 (M 3a ) = dimA 3 (M 4 a ) = 1. For l = 5 there are two subspaces in 
(/\ 3 in )'a o(l, 1) and d( 1, 2), thus dim A 3 (M 5q ,) = 2. For l = 6 there are three 

subspaces in (A 3 m) ’ , t>(l, 1), o(l,2) and 0 (2, 2), thus dimA 3 (Af 6a ) = 3. 

All calculated dimensions are presented in the table on page Note 
that the dimension of space (/\ ? tn) is equal to the number of 3-partitions 

of the integer l, and that the dimension of space (A" tn) is equal to the 
number of 2 -partitions of l with non-equal components. 


Theorem 6.2 

(I) Any manifold M = Mi a , 2 A l A 6, possesses a p-Poisson bracket. 

(II) For any <p-Poisson bracket s on M = Mi a , I ^ 2, the cohomology 

spaces H 2 ^A(M),d s ^ and H 3 ^A(M),d s j are trivial. 


PROOF: We consider each case l = 2,... ,6 separately. First prove that for 
M = M 2a one has (A 3 m) 1 = 0. Indeed, take an element Xp x A Xp 2 A Xp 3 E 
A 3 m, [3 1, /? 2 , /?3 ^ kl 2a . If Pi + P2 + fa € r(fi 2a ) then at least one of the 
Pi s contains the root a with an even coefficient, and therefore the element 
Xp x A Xg 2 A Xg 3 is actually equal to zero. 
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In particular, the 3-vector field <p is equal to zero on M. The second 
consequence from (/\ 3 m) ^, = 0 is that H 3 uA(M 2 a ),d s ) = 0. 


Let M = M 3q , or M 4a , then, by Lemma [n9] (see also the table on 
page |59|), dim A 2 (AL) = 1. Thus (/\~ m) contains a non-trivial element 
s = Ca Xp A X-p. Direct calculation shows that [s, s] is proportional 
to the 5 invariant element <p, (|33|) , thus s = A(s) is a (^-Poisson bracket on 

3 • 


M. The vector space (/\ 3 m) ' is also of dimension one (see table on p. |59|). It 
is generated by the element <p. Since d s (s) = (p, one has H 3 ^A(ilf), d s j =0. 

On the hand, d s : A 2 (M) —> A 3 (M) is a non-trivial linear operator from 
one dimensional vector space to another one dimensional vector space. Thus 
it is non-degenerate, which proves that H 2 (A(M),d s ) = 0. 


2 |? Q 

Let M = M§ a , then, by Lemma |6.9| , dim (/\ m) =2. Take a non-trivial 
element 


s = X fi A , 

P&a 


Cm ^ Xp A X_f. 

p€2 a 


A 


m 


and prove that the multiples c„ and Cm can be chosen in such a way that 
[s, s| = <p. It follows from Lemma | 6 . 8 | and the identities a + a = 2a and 
2a + 2a = —a that such the coefficients and c 2s should satisfy the system 
of equations 

5(cq) 4 + 10 (cq) 2 k 2 + k 4 = 0 

(37) 

_ (ca-) 2 +K 2 

C 2a 2c - • 


This system has two solutions (see table on p. |59|) . 


Lemma 6.12 Let M = M 5a . Then the coboundary operator d: (/\ 2 m)' 

/ A 3 \ ^ ... 

(A m) is injective. 


. 2 \ t 

PROOF: Any element v of (/\“ m) is of the form 


v ~ Xp A X_p + bm ^ Xp A X_g. 

0£a 0£2 a 
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Let d(r>) = 0, then the identities a + a = 2a and 2a + 2a = —a and formula 
(|3^ ) imply the following system of equations for b& and 


T C2a ) C a b2a 


^ b 2 a (c Q C2a ) Qj aJ^ai 

where Ca and c 2 „ are solutions for (|37|) . From the condition for the existence 
of a non-trivial to these homogeneous equations and formula ([!?]) one comes 
to the following inconsistent system of equations: 

( 5(4 + 10c|k 2 + k 4 = 0 

\ -4 + 4c|k 2 + k a = 0 
Therefore the only possibility is b& = b 2 a = 0. ■ 

The immediate consequence of this lemma is that H 2 ^A(Ms Q ), d s j =0. On 

the other hand, together with the equality dim (/\ 2 m ) 1 = dim (/\ 2 m) t,6) , it 

implies that H 3 (A(M 5a ),d s ^j = H 3 (® p ^ 0 (A P tn)*’ e ,dj = 0. 

Let M = M ea then the table on page |59] shows that dim (/\~ m) =2. 
There exists a g invariant (^-Poisson bracket on M generated by an element 
7 of the form 


s ~ °a Xp A X_p + C2a Xp A A _ j g 

/3So /3e2a 

with coefficients satisfying a certain equation which we obtain now. It follows 
from Lemma |6]8| and the identities 2a + 2a = —2a, a + a = 2a, a + 2a = 3a 
and csa = 0 that the coefficients and c 2s should satisfy the equation 


r 2 _ q r 2 — n 

c oi at 2 a — U - 


(38) 


This equation has one non-trivial solution (see table on p. |59f ). 


Lemma 6.13 Let M = M 6a . Then the coboundary operator d: (/\"m) 

/ A 3 \ ■ ■ ■ 

(/\ mj is injective. 
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, 2 \ f 

PROOF: Any element v of (/\“m) is of the form 

v = X P ^ x -p ^ X_p. 

0€a 0£2 a 

Let d(n) = 0, then the identities 2a + 2a = —2a and a + a = 2a and 
equations (|32|) and ([38[) imply b,& = bm = 0. ■ 

Thus H 2 (A(M 6 a ),d s ) = 0. 

Lemma 6.14 Let M = M§ a , then there exists v G such that 

d(n) A 0 . 

PROOF: Note that there is only one root system with the highest root con¬ 
taining coefficient 6 in the simple root decomposition. This is the root system 
E§, and the corresponding simple root is the following: 

0 0 1 0 0 0 0 

0 

Thus we can set g as a Lie algebra of type E 8 and the simple root a as 
determined by the above weighted Dynkin graph. 

Take the element 


v — Np^Xp A X 7 A X_(p + 7 ) 

/ 3,7 £a 


and prove that d(t>) A 0. Note that v is the projection of ip onto subspace 

D (l,l)c(A 3 m) W . 

Choose roots (3, 7, e, ( G E 8 satisfying the properties: f3, 7 G 2a, £ G 3 a, 
( G 5 a, /? + 7 + £ + C = 0;/? + 7, ft + ( and 7 + e are roots; 7 + ( and f3 + £ 
are not roots. One can take for example the following set of roots: 


0121100 1222221 



1 
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1 2 3 3 3 2 1 


0 1 1 0 0 0 0 



2 0 


The monomial Xg A X 1 A X £ A A^ is contained in the image d(r>). We 
prove that it is present in d(u) with a non-zero coefficient. 

We introduce the following temporary definition. We say that a root 
vector Xg is of type i if the root (3 contains the simple root a with multiplicity 
i. Obviously, —6 < i < 6 . It is clear how to extend this definition to any 
exterior monomial. For instance, Xg A X 1 A X £ A X^ for the above roots is 
of type (2,2, -3, -1). 

The vector space t)(l, 1) consists of certain sums of exterior 3-monomials. 
The type of each monomial is a triple of integers ranging from —5 to 5. 
Since o(l, 1) is invariant by the Cartan subalgebra f), the sum of integers in 
each triple is equal to zero. The triples satisfying these two conditions are 
(1,1, -2), (-1, -1, 2), (1, -5,4) and (-1, 5, -4). 

We describe all possible 3-monomials of elements in tj(l, 1) and all possible 
2-monomials X a A X_ a such that their Schouten bracket contains the given 
4-monomial Xgl\X 1 l\X £ l\X £. First note that all monomials in the Schouten 
bracket of monomials of types (■ i,j , k) and (d, — d ) are of types (*, *, *, d) or 
(*,*,*,— d). Since we want to obtain a monomial of type (2,2,—3,-1), 
this means that d = 1, 2 or 3. The case d — 3 is excluded by Corollary |6.4| . 
Consider the case d — 1. We want to obtain a monomial of type (2, 2, —3, —1) 
by taking the Schouten bracket of monomials of types (a, 6, c), a + b + c = 0, 
and (1, —1). Since [X a ,Xg\ = N a gX a+ g, one concludes that each of a, b or 
c is equal to either 2 or —3. Thus either (a, 6 , c) = (1, 2, —3) or (a, b, c ) = 
(2, 2,—4). However, as it was pointed out above, there is no element of 
o(l, 1) containing monomials of these two types. Let d — 2, then the same 
arguments show that a, b and c are taken from the set of integers 2, —3, —1. 
From the above list of possible types for o(l, 1), it can be seen that only the 
triple (a, b, c ) = ( 2 , — 1 , — 1 ) fits. 

Thus the monomial Xg A X 1 A X £ A Xq can be obtained as the Schouten 
bracket of monomials of types (2, —1, —1) and (2, —2). This implies that the 
latter monomial is equal either to CaXgl\X_g or to C 2 qA 7 A A_ 7 . Since s^0, 
one has c„ 7 ^ 0 (see table on p. |59|). The former monomial is either of the form 
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—GAA^X,, A X/ 3 +£ A X<- or —6 N^Xp A X 7+£ A X^ correspondingly. However, 
7 +C is not a root, thus the only way to obtain the monomial Xp AX 7 A X £ A Xq 
is to take the Schouten bracket [—6 iV ^Xp A X 7+£ A X$, c 2 « X 7 A X_ 7 ], The 
corresponding coefficient is — 6 N^C 2 a, and it differs from zero since (3 + ( is 
a root. ■ 


Now, we prove that H ^A(M 6a ), d s J =0. Indeed, the complex ^A(M 6a ), d s 
is isomorphic to the complex (© p >o(A P nx)^ 61 , dj. Lemma |6.13| implies that 


diniB 3 ^A(M 6q: ), d s j = dimA 2 (M 6a ) = 2. 


On the other hand, it follows from Lemma 6.14 that 


i,e 


2 < dim Z 3 


6 a), d s J = dim ( f \m J — dim Mm cl j ^ 2 


Therefore 


dimB 3 ^A(M 6 a), d s j = dimZ 3 (A(M 6a ),d s ) . 


Theorem |6.2| is proven. ■ 

Note that H 2 ^A(M/ a ),d s j and H 3 ^A(M to ),d s j coincide with the cor¬ 
responding topological cohomologies (see |J). 

In the following table we put together the computed dimensions and give 
the explicit formulas for coefficients of (^-Poisson brackets: 
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l 

99-PoissoN brackets 

dim (/\ 2 m) * 

dim (/\ 3 m) 1,6 

2 

0 

0 

0 

3 

Ca = 

1 

1 

4 

Cqt = ±in 

1 

1 

5 

C a = -^{V5± 2)*« 

C 2 a = ±f E (V5±2)~^ K 
(the signs are consistent) 

2 

2 

6 

Ca = +i\f?>n 

Cm = ± 73 fi: 

(the signs are consistent) 

2 

3 


Note that for l = 2, 3,4, 6 there exists a 99-PoissoN bracket on Mi a unique 
up to a scalar multiple, and for l = 5 there are two such brackets. 


Combining Theorems 3.2 , 3.1 and 5T 
present work: 


one obtains the main result of the 


Theorem 6.3 Let r be a bivector field on Mi a generated by a Belavin- 
Drinfeld classical r-matrix. Then there exists a g invariant p-Poisson bracket 
s on Mi a such that s + r is a Poisson bracket, and this bracket has a U^(g,r) 
invariant quantization. 

Note that despite the fact that the bracket s + r is not g invariant, its 
quantization is invariant under the quantum group U^(g, r) action. 
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